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Preamble 

 

This document regarding gas dynamics adheres to the official framework established 

by the Ministry of Higher Education and Scientific Research MESRS. It is designed for first-

year students enrolled in the Master1 program in Energetics within the field of Mechanical 

Engineering. 

The dynamics of gases is a branch of fluid mechanics that examines the behavior of 

gases in motion. It plays a significant role in various fields of science and engineering, 

ranging from the aerodynamics of aircraft to the flow in jet engines, as well as atmospheric 

flows, explosions, and even space propulsion. 

Unlike liquids, gases are compressible, meaning their density can vary significantly 

under the influence of pressure and temperature. This compressibility is crucial for describing 

dynamic phenomena, particularly in supersonic regimes where shock waves and marked 

discontinuities in flow occur. 

The dynamics of gases is based on the application of fundamental laws of physics: 

conservation of mass, momentum, and energy, which are typically expressed in the Navier-

Stokes equations adapted for compressible gases. In non-viscous and adiabatic conditions, the 

Euler equations are specifically employed, coupled with an equation of state (usually that of 

ideal gases). 

Understanding gas dynamics is vital for designing efficient and safe systems in 

contexts where speed, pressure, and temperature fluctuate rapidly. It is also a field where 

physical phenomena and mathematical tools are closely intertwined, requiring rigorous 

modeling and often advanced numerical simulations. 

A gas dynamics is the field of dynamics that deals with the movement of air and other 

gaseous fluids, as well as the forces acting on a body in relative motion to these fluids. Such 

compressible flows are found in pipelines transporting natural gas, or through the diffuser of 

an aircraft's turbojet, within turbines and compressors. Likely, the two most significant effects 

of flow compressibility are: 
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1. Suffocation: where the flow velocity within the conduit (internal) is strictly limited by 

the sonic condition. 

2. Shock waves: which represent minor discontinuities in the characteristics of 

supersonic flow. 

3. The flows in conduits with a constant cross-section are analyzed in both theories, 

namely with friction and without heat transfer, referred to as the FANNO theory, and 

the other without friction and with heat transfer, known as the Rayleigh theory. 
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CHAPTER I: Introduction to gas dynamics 

 

I.1 Concepts and relations in thermodynamics 

The dynamics of compressible fluids examines the laws governing the movement of 

compressible fluids at high flow velocities comparable to the speed of sound. Generally, one 

studies one-dimensional flows. 

The comprehensive study of compressible fluid flows cannot be conducted without 

incorporating thermodynamics. 

The analysis of compressible fluid flow cannot be undertaken without first establishing a 

number of simplifying assumptions (nature of the gas: ideal, type of process: isothermal or 

adiabatic, etc.). 

We will limit our study to the case of an ideal, non-viscous fluid in steady one-dimensional 

flow. To clarify: 

Ideal fluid = perfect gas (P v = r T) at constant g 

Steady flow: time-independent 

One-dimensional: all quantities depend solely on one spatial parameter, the curvilinear 

abscissa, and they remain constant in a section perpendicular to the mean line. 

Most of the time, a perfect gas is regarded as a fluid. 

A gas whose state parameters change according to the equation. 

 
௉

ఘ
= 𝑟 𝑇 is referred to as an ideal gas. 

In thermodynamic terms, 𝑟 =
ோ

ℳ
=

଼ଷ,ଵସ ௞௝ ௞ .௞⁄

௠௢௟௔௥ ௠௔௦௦(௞௚ ௞௠௢௟⁄ )
=

଼ଷ,ଵସ .ଵ଴య

ଶ଼,ଽ଻
= 287 𝑗 𝑘𝑔. 𝑘⁄  

According to Mayer's account:  

𝑟 = 𝑐௣ − 𝑐௩ and consequently 𝑐௩ =
௥

ఊିଵ
 et 𝑐௣ =

ఊ ௥

ఊିଵ
 with 𝛾 =

௖೛

௖ೡ
 

Adiabatic exponent: 

If 𝛾 = 𝑐𝑡𝑒, the gas is ideal in terms of calorific value. 

Each state of gas corresponds to the state functions. 

Internal energy:𝑈 = 𝑐௩. 𝑇 

Enthalpy :𝐻 = 𝑐௣ 𝑇 

This sum is referred to as "total enthalpy." It remains conserved even when the flow is 

irreversible (with friction). 

 Entropy : 
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 𝑆 = 𝑐௩  𝑙𝑛𝑃𝑣ఊ + 𝑐𝑡𝑒 (I.1) 

 

The state of gas can only be altered through interactions with the surrounding environment. 

The energy equilibrium equation of an open system is: 

 

 

 

∆𝐸௖ + ∆𝐸௉ + ∆𝐻 = 𝒬 + 𝑊௨ (I.2) 

∆𝐸௖: Variation of kinetic energy. 

∆𝐸௉: Variation of potential energy. 

∆𝐻 : Variation of enthalpy. 

𝒬 : Amount of heat provided by the external environment 

𝑊௨ : Total work provided by external forces 

 

It is assumed: 

There is no exchange of useful work., 𝑊௨ = 0; 

The potential energy is negligible, ∆𝐸௉ = 0; 

The flow is adiabatic and reversible, 𝒬 = 0; 

The energy balance equation becomes: ∆𝐸௖ + ∆𝐻 = 0 

Or else: 

 (𝐻ଶ − 𝐻ଵ) +
ଵ

ଶ
(𝐶ଶ

ଶ − 𝐶ଵ
ଶ) = 0                (I.3) 

Therefore:  

 
𝐻 +

1

2
𝐶ଶ = 𝐶𝑡𝑒 (I.4) 

I.2 Isentropic relations of an ideal gas 

According to the first principle of thermodynamics: 

−𝑃𝑣ఊ = 𝑐𝑡𝑒 which assumes a specific value of n for each transformation to be studied. 

For the reversible adiabatic transformation, 𝑛 = 𝛾 ⇒ 𝑃𝑣ఊ = 𝑐𝑡𝑒  :The Poisson equation. 

For such a transformation: 

 𝑃ଶ

𝑃ଵ
= ൬

𝑣ଵ

𝑣ଶ
൰

ఊ

= ൬
𝜌ଶ

𝜌ଵ
൰

ఊ

          (I.5) 

 
మ்

భ்
= ቀ

௉మ

௉భ
ቁ

ംషభ

ം
 , 𝑑𝑞 = 0, 𝑑ℎ = −𝛾 𝑃 𝑑𝑣 = 𝑣𝑑𝑃          (I.6)    
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For a reversible isothermal transformation n=1⇒  𝑃𝑣 = 𝑐𝑡𝑒 the equation of Mariotte 

The second principle of thermodynamics states that: 

 
𝑑𝑆 ≥

𝑑𝑞

𝑇
   (I.7) 

 

Equality is relative to reversible transformations, without thermal exchanges. 𝑑𝑞 = 0 ⇒ 𝑑𝑆 =

0, 𝑆ଶ = 𝑆ଵ 

It is said that the adiabatic and reversible transformation is isentropic. 

The irreversible adiabatic transformation is not isentropic; for such a transformation. 𝑑𝑆 > 0

⇒ 𝑆ଶ > 𝑆ଵ 

One of the most significant causes of irreversibility is associated with the presence of 

frictional forces due to viscosity. A fluid is considered perfect in the aerodynamic sense if it is 

devoid of "viscosity". 

 

I.3 Compressibility and propagation of sound waves 

The compressibility coefficient is defined by the following relationship: 

 
𝒳௜௡ௗ௘௫ = −

1

𝓋
 ൬

𝜕𝓋

𝜕𝑃
൰ =

1

𝜌
 ൬

𝜕𝜌

𝜕𝜌
൰

௜௡ௗ௘௫

  (I.8) 

 

In the event of an isothermal transformation: 𝑃 𝓋ఊ = 𝑐𝑡𝑒 

 
𝑃𝑑𝓋 +  𝓋𝑑𝑃 = 0,

𝑑𝓋

𝓋
+

𝑑𝑃

𝑃
= 0 ⇒ ൬

𝜕𝓋

𝜕𝑃
൰

்
= −

𝓋

𝑃
    (I.9) 

And  

 
𝒳் = −

1

𝓋
 ൬

𝜕𝓋

𝜕𝑃
൰

்
=

1

𝑃
  (I.10) 

 

For an isentropic transformation 

 
𝑃 𝓋ఊ = 𝑐𝑡𝑒 ⇒

𝑑𝑃

𝑃
+ 𝛾

𝑑𝓋

𝓋
= 0 ⇒ ൬

𝜕𝓋

𝜕𝑃
൰

ௌ
= −

1

𝛾
  

𝓋

𝑃
 (I.11) 

And  

 
𝒳ௌ = −

1

𝓋
 ൬

𝜕𝓋

𝜕𝑃
൰

ௌ
=

1

𝛾𝑃
 (I.12) 

 



 

 

10 

 

It is observed that 𝒳೅

𝒳ೄ
= 𝛾 ou 𝒳் = 𝛾𝒳ௌ (I.13) 

It is observed that 𝒳் > 𝒳ௌ 

I.4 General Expression of the speed of sound 

By definition, the speed of sound refers to the rate at which a pressure disturbance propagates 

through a compressible fluid. 

 

 

In the fluid, a shock wave is observed propagating in front of the piston at a speed of 𝐶 < 𝑈. 

The shock wave sets the fluid in motion such that a particle located upstream of the wave 

remains at rest in a fixed reference frame relative to the tube. The event is unsteady. To 

determine the speed of the wave, a reference frame relative to it is selected. In such a 

reference frame, the flow is steady. 

L’application de la deuxième loi de Newton au volume de contrôle de la figure précédente, 

donne (F=0) d’où : 

 (𝑃ଵ − 𝑃ଶ)𝐴 = 𝜌ଶ 𝐴(𝐶 − 𝑈)ଶ − 𝜌ଵ𝐴 𝐶ଶ (I.14) 

 

The continuity equation, which requires a constant mass flow rate, is expressed as: 

 𝜌
1 

𝐴 𝐶 = 𝜌
2

𝐴 (𝐶 − 𝑈) (I.15) 

 

It follows that: 

 
𝑃1 − 𝑃2 =

𝜌
1
2𝐶2

𝜌
2

− 𝜌
1

𝐶2 = 𝜌
1

ቆ
𝜌

1

𝜌
2

− 1ቇ  𝐶2 
(I.16) 
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𝐶 = ൤

𝑃ଶ − 𝑃ଵ

𝜌ଶ − 𝜌ଵ
 
𝜌ଶ

𝜌ଵ
൨

ଵ
ଶൗ

 
(I.17) 

                    [𝐶ଶ] =
ே

௠మ
  

௠య

௞௚
= ቀ

௠

௦
ቁ

ଶ

 

The acoustic wave is characterized by a low speed U in relation to C and a slight disturbance 

of  𝜌,  𝜌ଵ ≃ 𝜌ଶ. In this case, the speed C of the wave approaches the acoustic speed a. 

 
𝐶 = ൤

Δ𝑃

Δ𝜌
 ൨

ଵ
ଶൗ

= 𝑎 
(I.18) 

Consequently, the fluid movement associated with an acoustic wave is isentropic. Thus, the 

relationship between pressure and density in an acoustic wave is also isentropic. Therefore, 

the speed of sound is defined by: 

 
𝑎2 = ൬

𝜕𝑃

𝜕𝜌
൰

𝑆

= 𝛾
𝑃

𝜌
= 𝛾 𝑟 𝑇 

(I.19) 

I.5 Mach number and Mach waves  

The flow similarity parameter is the Mach number. 

The Mach number changes from one point to another in the flow, not only due to variations in 

speed but also because the state of the fluid changes, thus affecting the speed of sound. 

C: Velocity of the gas movement 

a: The speed of sound, also referred to as the speed of sound, is expressed by the following 

equation: 

 

 𝑎 = ඥ𝛾 𝑟 𝑇     (I.20) 

 

Let us consider a mobile object moving from right to left at a speed of c, thus achieving a 

Mach number 

 
𝑀 =

𝐶

𝑎
 

(I.21) 

 I.6 Subsonic, transonic, supersonic, and hypersonic flow 

if : 𝑀 = 1 : The flow velocity is sonic. 

if: 𝑀 < 1 : The flow is referred to as subsonic if the flow velocity is less than the speed of 

sound. 

near the speed of sound is transonic 𝑴 ≦ 𝟏 
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if : 𝑀 > 1 : The flow is referred to as supersonic if the flow velocity exceeds the speed of 

sound. 

And 𝑀 ⋙ 1 : The flow regime is very much greater than the speed of sound is hypersonic. 

 

 

Figure I.1 Acoustic Mach wave 

In subsonic conditions, the fluid upstream of the moving object receives pressure waves prior 

to the object's arrival, allowing it to continuously deviate as the object approaches. 

In supersonic flow, the fluid upstream of the sonic cone is not forewarned of the approach 

(silent zone) and can therefore only deviate abruptly (shock) upon the passage of the wave: 

this is the fundamental difference between the two types of flow. 

 

Example: 

An aircraft flies at a speed of 400 m/s. Calculate the Mach number for: 

a) The standard condition at sea level (T=289 K) 

b) At an altitude of 15200 m, under standard conditions (T=217 K) 

Solution : 

The number of Mach 𝑀 =
஼

௔
=

஼

ඥఊ ௥ ்
 

a) 𝑀ଵ =
஼

ඥఊ ௥ భ்
=

ସ଴଴

ඥ(ଵ.ସ)(ଶ଼଻)(ଶ଼ଽ)
=  1.17  , b)  𝑀ଶ =

஼

ඥఊ ௥ మ்
=

ସ଴଴

ඥ(ଵ.ସ)(ଶ଼଻)(ଶଵ଻)
= 1.35 
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CHAPTER II: Unidimensional isentropic flow in a variable cross-section 

duct 

II.1 Basic Equation (Continuity, Momentum, Energy) 

II.1.1 Equation of mass conservation (Continuity) 

 
𝑚̇ = 𝐶. 𝜌. 𝐴            ቌ

𝑘𝑔
𝑠ൗ ቍ   (II.1) 

 

𝑚̇: Mass flow rate through a given section A, 

for steady flow. 

𝑚 = 𝑐𝑡𝑒̇  ,  𝑚̇ =
஺ .஼

௩
, 𝑚̇ . 𝑣 = 𝐴. 𝐶 

௠̇

஺
= 𝜌 . 𝐶 = ℊ௠ : Specific mass flow rate. 

If  A=cte therefore ℊ௠ = 𝑐𝑡𝑒 That is to say : 

𝜌. 𝐶 = 𝑐𝑡𝑒 

II.2  Equation of motion 

S According to Newton's  

 
𝐹 = 𝑚⏟

௠௔௦௦

  .
𝑑𝐶

𝑑𝑡ด
௔௖௖௘௟௘௥௔௧௜௢௡ 

  (II.2) 

 

 
(𝑃 − 𝑃 − 𝑑𝑃). 𝐴ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

௧௛௘ ௙௢௥௖௘

=  𝜌. 𝐴. 𝑑𝑥ᇣᇧᇤᇧᇥ
௠௔௦௦

.  
𝑑𝑐

𝑑𝑡ด
௔௖௖௘௟௘௥௔௧௜௢௡

 (II.3) 

 

With  : ௗ௫

ௗ௧
= 𝐶       We possess: −𝑑𝑃 = 𝜌. 𝑑 ቀ

஼మ

ଶ
ቁ (II.4) 

 

Let it be :  
−𝑣 𝑑𝑃 = 𝑑 ቆ

𝐶ଶ

2
ቇ  (II.5) 
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II.1.3  Energy equation 

 

According to the first principle of thermodynamics      𝑑𝑞 = 𝑑ℎ − 𝑣 𝑑𝑃 However  −𝑣 𝑑𝑃 =

𝑑 ቀ
஼మ

ଶ
ቁ 

⇒ 𝑑 ቀ
஼మ

ଶ
ቁ + 𝑑ℎ = 0  Or in its integral form

஼మ

ଶ
+ ℎ = 𝑐𝑡𝑒 : equation of energy conservation 

It is known that ℎ = 𝑐௣. 𝑇 However 𝑐௣ =
ఊ

ఊିଵ
 𝑟 

 
⇒

𝐶ଶ

2
+

𝛾

𝛾 − 1
 𝑟. 𝑇 = 𝑐𝑡𝑒  (II.6) 

 

 
⇒

𝐶ଶ

2
+

𝛾

𝛾 − 1
 
𝑃

𝜌
= 𝑐𝑡𝑒  (II.7) 

II.2 General Laws of isentropic flow: generating state and critical state 

Stagnation parameters and generator parameters 

 

 

 

 

 

 

 

 

This term refers to the state of the fluid at a point in the flow where the velocity is assumed to 

be zero; it is characterized by the index i. 

The features within this reservoir are those of the generating state; this representation justifies 

the term "generating state". 

II.2.1 Stagnation state 

Let there be a stagnation point defined in the following figure: 
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 𝐶ଶ

2
+ ℎ = 𝑐𝑡𝑒 = ℎ଴ = ℎ௜ = 𝑐௣𝑇଴  (II.8) 

 

 ⇒ 𝑇଴ = 𝑇 +
஼మ

ଶ௖೛
      → Stagnation temperature  (II.9) 

 

It is the temperature that will be measured with a thermometer placed in the flow. 

As ℎ଴ = cte therefore 𝑇଴ = 𝑐𝑡𝑒 (identical in each section of the flow). 

ℎ଴ : Stagnation enthalpy. 

 

 బ்

்
= 1 +

஼మ

ଶ௛
  more        ℎ = 𝑐௣. 𝑇 =

ఊ

ఊିଵ
 𝑟

௔మ

ఊ ௥
=

௔

ఊିଵ
  (II.10) 

 

 𝑇଴

𝑇
= 1 +

𝛾 − 1

2
𝑀ଶ  (II.11) 

 

 𝑃଴

𝑃
= ൬1 +

𝛾 − 1

2
𝑀ଶ൰

ఊ
ఊିଵൗ

  (II.12) 

 

 𝜌଴

𝜌
= ൬1 +

𝛾 − 1

2
𝑀ଶ൰

ଵ
ఊିଵൗ

  (II.13) 

 

In the event that gas escapes from the center where the initial velocity 𝐶଴ is negligible 

compared to the speed in the section considered C, in a: 

 𝐶ଶ

2
−

𝐶௜
ଶ

2
= ℎ௜ − ℎ ⇒ 𝐶 = ඥ2(ℎ௜ − ℎ)  (II.14) 

 

ℎ௜ : Generator enthalpy, ℎ௜ = 𝑐௣ 𝑇௜   avec    𝑇௜ : generator temperature. 

𝑇௜ =
௉೔

ఘ೔ .௥
 ou  𝑃௜ : generator temperature, 𝜌௜ : generator density. 

- - As   
஼మ

ଶ
+ ℎ = ℎ௜, It is observed that: ℎ௜ = ℎ଴ and  𝑇௜ = 𝑇଴ 

- In an adiabatic flow, the stagnation enthalpy and stagnation temperature correspond to 

the generating enthalpy and generating temperature; therefore,: 

𝑃௜ = 𝑃଴  and  𝜌௜ = 𝜌଴ , It is therefore written.: 

 𝑇௜

𝑇
= 1 +

𝛾 − 1

2
𝑀ଶ  (II.15) 
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 𝑃௜

𝑃
= ൬1 +

𝛾 − 1

2
𝑀ଶ൰

ఊ
ఊିଵൗ

  (II.16) 

 𝜌௜

𝜌
= ൬1 +

𝛾 − 1

2
𝑀ଶ൰

ଵ
ఊିଵൗ

  (II.17) 

II.2.2 Comparison with incompressible flow 

 𝑃଴ − 𝑃 = 𝜌 
஼మ

ଶ
         where            

௉బି௉

 ఘ  ஼మ

ଶൗ
= 1  (II.18) 

 

For a compressible fluid in subsonic isentropic flow: 

 
𝑃௜

𝑃
= ቆ1 +

(𝛾 − 1) 𝑀ଶ

2  
ቇ

ఊ
ఊିଵ

  (II.19) 

 

௉೔

௉
= 1 +

ఊ

ଶ
𝑀ଶ+

ఊ

଼
𝑀ସ+

ఊ(ଶିఊ)

ସ଼
𝑀଺+………. 

𝑃௜ − 𝑃 =
  ௉ఊ ெమ

ଶ
(1 +

ெమ

ସ
+

ଶିఊ

ଶସ
𝑀ସ) 

However:                                             
  ௉ఊ ெమ

ଶ
=

  ௉ఊ ஼మ

ଶ ఊ ௥்
=

ఘ ஼మ

ଶ
 

From where : 

 ௉೔ି௉

ఘ ஼మ

ଶൗ
= 1 +

ெమ

ସ
+

ெర

ସ଴
+

ெల

ଵ଺଴଴
+…..  (II.20) 

 

Hence the following table: 

 

M 0.1 0.2 0.3 0.4 0.5 

𝑃௜ − 𝑃

𝜌 𝐶ଶ

2
ൗ

 
1.003 1.010 1.023 1.041 1.064 

 

At low speeds when 
ெమ

ସ
< 1 The Bernoulli formula has been modified. : 

 𝑃௜ − 𝑃

𝜌 𝐶ଶ

2
ൗ

= 1 
 (II.21) 

 

 
𝑃௜ − 𝑃 =

𝜌 𝐶ଶ

2
ൗ    and    𝑃଴ − 𝑃 =

𝜌 𝐶ଶ

2
ൗ   (II.22) 
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⇒ 𝑃଴ = 𝑃௜ = 𝑃 +
𝜌 𝐶ଶ

2
ൗ    Bernoulli's equation for incompressible fluid. 

𝜌 𝐶ଶ

2
ൗ  : Dynamic pressure 

As  
ఘబ

ఘ
= ቀ1 +

ఊିଵ

ଶ
𝑀ଶቁ

భ

ംషభ si   
ఊିଵ

ଶ
𝑀ଶ < 1 

ఘబ

ఘ
≈ 1 +

ெమ

ଶ
+ ⋯ The relative variation of density between the upstream state and any given 

section. 

 𝜌଴

𝜌
− 1 =

𝜌଴ − 𝜌

𝜌
=

𝑀ଶ

2
=

𝜌௜ − 𝜌

𝜌
  (II.23) 

for:  

M=0.1   
ఘబିఘ

ఘ
= 0.5% 

M=0.14  
ఘబିఘ

ఘ
= 1% 

M=0.2   
ఘబିఘ

ఘ
= 2% 

For the air at 15°C and 340m/s et 
ఘబିఘ

ఘ
= 1%   corresponds to  C=47.6m/s  and  The 

assimilation of air as an incompressible fluid is justified in low-speed domains.. 

II.2.3 Barré-Saint Venant formula 

Given the result concerning the speed calculation in the form of,  

 𝐶 = ඥ2(ℎ଴ − ℎ )  (II.24) 

 

One can provide him with an expression referred to as the "Barré-Saint formula". 

 
𝐶 = ඥ2 𝑐𝑝 (𝑇଴ − 𝑇 ) = ඨ2 𝑐𝑝𝑇଴ ൬1 −

𝑇

𝑇଴
൰   

 
𝐶 =ට2 

ఊ

ఊିଵ
  (II.26) 

        

𝐶 = ඨ ଶఊ 

ఊିଵ

௉బ

ఘ
(1 − ቀ

௉

௉బ
ቁ

ംషభ

ം
)  Barré-Saint Venant formula 
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II.2.4 Speed limit 

It is evident that the increase in speed occurs at the expense of pressure, or rather, due to the 

expansion of the gas. If the expansion were to be pushed to the point of a vacuum (a 

hypothetical situation), a limiting speed would be reached.  

 
𝐶 = ට

ଶఊ 

ఊିଵ

௉బ

ఘ
=ට

ଶఊ ௥ బ்  

ఊିଵ
  (II.27) 

By designating 𝑎଴
ଶ = 𝛾 𝑟 𝑇଴     We write   𝐶௟௜௠=𝑎଴ට

ଶ

ఊିଵ
  

AN : This speed is noteworthy for several reasons : 

 

   • The speed mentioned is already the maximum velocity that exhaust gases from a rocket 

can achieve in a vacuum; thus, it determines the maximum thrust of rocket engines. 

   • Furthermore, from the perspective of kinetic gas theory, this speed signifies the disordered 

velocity of molecules within the gas. Indeed, when the gas is expanded without energy loss to 

a state of zero pressure and temperature, the kinetic energy of the molecules relative to one 

another becomes zero. The kinetic energy of all the molecules fixed in relation to each other is 

equal to the energy prior to expansion, which corresponds to the disordered kinetic energy of 

the molecules in the gas (assuming ideal gas conditions). 

It is easy to verify that for the air taken at 𝑇଴ = 15°𝐶, on a 𝑇଴=288k 

𝑎଴=ඥ(1.4) .  (287). (288)=340m/s and 𝐶௟௜௠ = 340 ට
ଶ

ଵ.ସିଵ
=760m/s 

II.2.5 Critical parameters 

When gas expansion occurs in a pipeline, it is possible that in a section referred to as 'critical', 

the flow velocity becomes equal to the local speed of sound. This velocity, also known as 

'critical', is observed in this section. 

 
𝑀 = 1 ⇒

𝑇଴

𝑇
= 1 +

𝛾 − 1

2
𝑀ଶ  (II.28) 

 
     
⇒

𝑇଴

𝑇
= 1 +

𝛾 − 1

2
(1)ଶ  

 
     
⇒ 𝑇 = 𝑇஼ =

2

𝛾 + 1
𝑇଴ (II.30) 

 

with M=1 provides us with the so-called critical temperature. 
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 𝑃஼

𝑃
= ൬

2

𝛾 + 1
൰

ఊ
ఊିଵൗ

  (II.31) 

 

For the critical  

 
𝐶௖   = 𝑎௖     = ඥ𝛾 𝑟 𝑇௖       =ට

ଶ ఊ

ఊାଵ
𝑟 𝑇଴       = ට

ଶ ఊ

ఊାଵ

௉బ

ఘబ
  (II.32) 

 

The critical speed is a function of the nature of the gas and the generating (or stagnation) 

conditions. 

Same 𝑎଴ = ඥ𝛾 𝑟 𝑇଴, It is observed that:  

 
𝐶௖  = 𝑎௖  = ට

ଶ ఊ

ఊାଵ

௉బ

ఘబ
    =ට

ଶ    ఊ ௥ బ்

ఊାଵ
     =   𝑎଴ට

ଶ 

ఊାଵ
  (II.33) 

II.2.6 Reduced speed 

The relationship between flow velocity and critical velocity is referred to as "reduced 

velocity. 

 
𝜆 =

𝐶

𝑎௖
  (II.34) 

 

In the critical section, we simultaneously 

𝐶 = 𝑎௖ ⇒ 𝜆 = 1 𝑒𝑡 𝑀 = 1  However, in general : 

𝜆 =
𝐶

𝑎௖
=

𝐶

𝑎
.

𝑎

𝑎௖
= 𝑀.

𝑎

𝑎௖
 

  

⇒ 𝑀 =  𝜆 
௔೎

௔
  =𝜆 .

ට
మ ം

ംశభ
 
ುబ
ഐబ

ඥఊ ௥ ்
   =𝜆. ඨ

మ ം

ംశభ
  ௥  బ்

ఊ ௥ ்
     = 

 (II.35) 

 

M= 𝜆. ට
ଶ

ఊାଵ

బ் 

்
  =    𝜆. ට

ଶ

ఊାଵ
. ට బ்

்
 this relationship allows for writing with: 

 𝑇଴

𝑇
= 1 +

𝛾 − 1

2
𝑀ଶ  (II.36) 

 𝑇଴

𝑇
= 1 +

𝛾 − 1

2
𝑀ଶ = 1 +

𝛾 − 1

2
൬𝜆ଶ.

2

𝛾 + 1
.
𝑇଴

𝑇
൰  

 𝑇଴

𝑇
− ൬

𝛾 − 1

2
.

2

𝛾 + 1
. 𝜆ଶ൰

𝑇଴

𝑇
= 1  
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 𝑇଴

𝑇
൬1 −

𝛾 − 1

𝛾 + 1
𝜆ଶ൰ = 1  

 
⇒

𝑇

𝑇଴
= 1 −

𝛾 − 1

𝛾 + 1
𝜆ଶ (II.37) 

 

Et 

 
𝑴

𝝀
= ට

𝟐

𝜸ା𝟏
. ට

𝑻𝟎

𝑻
=

ට
𝟐

𝜸శ𝟏
.

ට
𝑻𝟎
𝑻

ష𝟏
   =

ට
𝟐

𝜸శ𝟏
.

ට
𝑻

𝑻𝟎

  =
ට

𝟐

𝜸శ𝟏
.

ට𝟏ି
𝜸ష𝟏

𝜸శ𝟏
𝝀𝟐

  =
 𝟏

ඨ(𝟏ି
𝜸ష𝟏

𝜸శ𝟏
𝝀𝟐) 𝜸శ𝟏

𝟐

  (II.38) 

 

 𝑀

𝜆
=

1

ඨ(
𝛾 + 1
𝛾 + 1

−
𝛾 − 1
𝛾 + 1

𝜆ଶ) 𝛾 + 1
2

 
  

 𝑀

𝜆
=

1

ඨ(𝛾 + 1) − (𝛾 − 1)
2

𝜆ଶ

= ඨ
2

(𝛾 + 1) − (𝛾 − 1)𝜆ଶ
 

(II.39) 

M= 𝜆. ට
ଶ

(ఊାଵ)ି(ఊିଵ)ఒమ
 

At the same time 

 ௉

௉బ
= ቀ1 −

ఊିଵ

ఊାଵ
𝜆ଶቁ

ം

ംషభ et  
ఘ

ఘబ
= ቀ1 −

ఊିଵ

ఊାଵ
𝜆ଶቁ

భ

ംషభ  (II.40) 

 

Therefore, regarding the speed 

limit (P=0) 

 

൬1 −
𝛾 − 1

𝛾 + 1
𝜆ଶ൰

ఊ
ఊିଵ

= 0 
 (II.41) 

 

 
⇒  𝜆௟௜௠

ଶ .
𝛾 − 1

𝛾 + 1
= 1   

 
⇒  𝜆௟௜௠ = ඨ

𝛾 + 1

𝛾 − 1
 (II.42) 

 

if 𝛾 = 1.4 ⇒  𝜆௟௜௠ = 2.45 

𝜆 =
஼

௔೎
  In the critical section 𝜆 = 1 

 ೎்

் ଴
= 1 −

ఊିଵ

ఊାଵ
𝜆ଶ   with     𝜆ଶ = 1    ೎்

் ଴
= 1 −

ఊିଵ

ఊାଵ
 (II.43) 
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೎்

் ଴
=

ఊାଵିఊାଵ

ఊାଵ
=

ଶ

ఊାଵ
 ,           

௉೎

௉బ
= ቀ ೎்

் ଴
ቁ

ఊ
ఊିଵൗ

= ቀ
ଶ

ఊାଵ
ቁ

ఊ
ఊିଵൗ

 , (II.44) 

 𝜌௖

𝜌଴
= ൬

2

𝛾 + 1
൰

ଵ
ఊିଵൗ

 (II.45) 

 

The gas parameters in the critical section are functions of the nature of the gas and the 

generating parameters. 

with 𝛾 = 1.4 we finds:  ೎்

் ଴
= 0,83 ;  

௉೎

௉బ
= 0,528;   

ఘ೎

ఘబ
 = 0,634; 

௔೎

௔బ
= 0,913 

II. 3 One-dimensional flow in a variable cross-section conduit and 

Hugoniot's theorem 

Reduced flow, mass flow in steady state 

𝑚̇ = 𝜌  𝐶 𝐴 = 𝜌௖  𝐶௖𝐴௖  : Section evaluation 

𝓆 =
ఘ .஼

ఘ೎ ஼೎
=

஺೎

஺
  Reduced throughput 

 
𝓆 =

𝜌 . 𝐶

𝜌௖ . 𝐶௖

𝜌଴

𝜌଴
=

𝜌

𝜌଴
 
𝜌଴

𝜌௖
 

𝐶

𝑎௖
 (II.46) 

 
𝓆 = ൬1 −

𝛾 − 1

𝛾 + 1
𝑀ଶ൰

ଵ
ఊିଵ

൬
𝛾 + 1

2
൰

ଵ
ఊିଵ

𝜆  (II.47) 

 

Given the connections between 𝜆 and M et
௉

௉బ
  et 𝜆 (or M) 

This function can be calculated and tabulated according to the quantities.𝜆, M or 
௉

௉బ
 For each 

gas, characterized by its value of 𝛾. 

This function reaches a maximum for 𝜆 = 1, 𝑀 = 1 𝑒𝑡 
௉

௉బ
=

௉೎

௉బ
 in critical conditions𝓆 = 1, by 

designate 𝜌 . 𝐶 =
௠̇

஺
= ℊ௠ 

ℊ௠ : Specific mass flow rate, it is observed that: 

𝓆 =
ℊ೘

ℊ೘೎

⇒ ℊ௠ = 𝓆. ℊ௠௖
  

 ℊ௠ = 𝓆 𝐶௖ᇣᇤᇥ
ℊ೘೎

𝓆 
 (II.48) 

When : 
𝓆 = 1 ⇒ ℊ௠௖

= 𝜌௖𝐶௖ = ൬
2

𝛾 + 1
൰

ଵ
ఊିଵ

 𝜌଴ ඨ2
𝛾

𝛾 + 1

𝑃଴

𝜌଴
 (II.49) 
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                                                             = ඨ𝛾 . 𝑃଴. 𝜌଴ ቀ
ଶ

ఊାଵ
ቁ

భ

ംషభ
ቀ

ଶ

ఊାଵ
ቁ 

                                                             = ඨ𝛾 . 𝑃଴. 𝜌଴ ቀ
ଶ

ఊାଵ
ቁ

ംశభ

ംషభ 

                                                             = ℊ௠௠௔௫
   ; however 𝜌଴ =

௉బ

௥ బ்
 

 

ℊ௠௠௔௫
 = 𝛽(𝛾)

௉బ

ඥ బ்
 or  𝛽(𝛾) = ඨఊ

௥
ቀ

ଶ

ఊାଵ
ቁ

ംశభ

ംషభ  (II.50) 

 

Therefore 𝛽(𝛾) function of the nature of gas; 𝛾 = 1.4, 𝑟 = 287 𝑗 𝑘𝑔 𝑘⁄ , 𝛽(𝛾) = 0.04 

ℊ௠ = ℊ௠௠௔௫
𝓆 = 𝛽(𝛾)

𝑃଴

ඥ𝑇଴

 𝓆 

 
𝑚̇ = ℊ௠  . 𝐴 = 𝛽(𝛾)

𝑃଴

ඥ𝑇଴

 𝓆. 𝐴   (II.51) 

 

same 𝐴 =
஺೎

𝓆
 and 𝓆 go through a maximum for𝜆 = 1, 𝑀 = 1,and 

௉

௉బ
=

௉೎

௉బ
, It can be 

concluded that critical conditions can only be achieved at the minimum cross-section of the 

pipeline. 

Isentropic flow in a variable cross-section, types of nozzles. 

Continuity equation: 

 𝑑𝜌

𝜌
+

𝑑𝐶

𝐶
+

𝑑𝐴

𝐴
= 0  (II.52) 

Equation de mouvement 

 𝑑𝜌

𝜌
=  −𝑀ଶ

𝑑𝐶

𝐶
  (II.53) 

By eliminating dρ/ρ between the two equations, we will have: 

 
−𝑀ଶ

𝑑𝐶

𝐶
+

𝑑𝐶

𝐶
+

𝑑𝐴

𝐴
= 0  (II.54) 

𝑑𝐶

𝐶
(1 − 𝑀ଶ) +

𝑑𝐴

𝐴
= 0 

Hugoniot's formula ௗ஺

஺
=

ௗ஼

஼
(𝑀ଶ − 1)   (II.55) 

 

The result obtained has been expressed in the form of three Hugoniot theorems: 
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A. In a subsonic flow region (M<1), the velocity and the area of the cross-section vary in 

opposite directions. 

B. In a supersonic flow region (M>1), the velocity and the area of the cross-section vary 

in the same direction. 

C. The velocity can only equal the speed of sound at a section of minimal air flow – the 

throat. 

II.4 Study of a flow in a nozzle: convergent and convergent-divergent 

Therefore, we can revert to the continuity equation to substitute dC/C with its value, resulting 

in. 

 ௗఘ

ఘ
+ ቀ

ଵ

ெమିଵ
+ 1ቁ

ௗ஺

஺
= 0   where    

  ௗఘ

ఘ
= ቀ

ெమ

ଵିெమ
ቁ

ௗ஺

஺
  (II.56) 

Knowing that for the isentropic transformation.  

   𝑑𝑃

𝑃
= ቆ

𝛾𝑀ଶ

1 − 𝑀ଶ
ቇ

𝑑𝐴

𝐴
  (II.57) 

The derived formulas enable the analysis of the variations in flow parameters as a function of 

dA, for M<1 and M>1. 

Additionally, the list can be supplemented with formulas for the variations in temperature and 

sound speed.  

State equation: 𝑑𝑃

𝑃
=

𝑑𝜌

𝜌
+

𝑑𝑇

𝑇
⇒

𝑑𝑇

𝑇
= ቆ

𝛾𝑀ଶ

1 − 𝑀ଶ
−

𝑀ଶ

1 − 𝑀ଶቇ
𝑑𝐴

𝐴
  (II.58) 

 𝑑𝑇

𝑇
=

൫𝛾 − 1 ൯𝑀ଶ

(1 − 𝑀ଶ)

𝑑𝐴

𝐴
  

Velocity of sound: 
𝑎 = ඥ𝛾 𝑟𝑇 =

𝑑𝑎

𝑎
=

1

2
 
𝑑𝑇

𝑇
 (II.59) 

Ultimately : 𝑑𝑎

𝑎
=

𝛾 − 1

2
  

𝑀ଶ

(1 − 𝑀ଶ)

𝑑𝐴

𝐴
 (II.60) 

The results obtained allow for the following graphs to be plotted. 
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Figure II.1 a) subsonic and (b) supersonic flow regime in converging-diverging 

canalisations 

 

In the technical field, it is customary to refer to the pipelines where dP>0 and dC<0 as 

'Diffusers', while the nozzles where dP<0 and dC>0 are termed 'Tuyères'. Following this 

convention, the following diagram can be provided:  

 

Nozzle 
Flow regime 

Subsonique Supersonique 

Nozzle 

  

Diffuser 

  

According to this diagram, it is clear that to produce a supersonic flow, a 'convergent-

divergent' nozzle is required. This nozzle was proposed by 'Laval' in 1880. To ensure the 

proper functioning of the 'Laval' nozzle, a well-defined pressure must be applied at the exit 
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section, which guarantees isentropic flow with critical speed at the throat and M > 1 in the 

exit section of the nozzle. 

To transition from subsonic to supersonic, the nozzle must have a minimum section known as 

the 'throat'. In cases where the nozzle is 'choked', meaning that the flow is supersonic at a 

certain point, the conditions at the throat are considered critical conditions. In this scenario, 

the flow rate of the nozzle no longer depends on the downstream conditions. 

- This phenomenon is referred to as the 'choking phenomenon'. 

The 'choked' flow rate is given by: 

 
𝑚̇ = ℊ௠  . 𝐴 = 𝛽(𝛾)

𝑃଴

ඥ𝑇଴

 𝓆. 𝐴   (II.61) 

 

 

Figure II. 2 Variation of flow rate with  𝑷 𝑷𝟎
ൗ   

 

It is observed that for the compressible fluid:  

if 𝑷 𝑷𝟎
ൗ >

𝑷𝒄
𝑷𝟎

ൗ  The flow rate ranges from 0 to the maximum flow rate. 

if 𝑷 𝑷𝟎
ൗ <

𝑷𝒄
𝑷𝟎

ൗ  ,  

Such a regime is referred to as Adapt"é". Conversely, if M<1 at the nozzle exit, the regime is 

termed “disadapted”, and shock waves form within the nozzle. 

Practical calculation of nozzle profiles 

According to the continuity. 

 𝜌ଵ. 𝐴ଵ. 𝐶ଵ = 𝜌ଶ. 𝐴ଶ. 𝐶ଶ  (II.62) 

 𝐴ଵ

𝐴ଶ
=

𝜌ଶ

𝜌ଵ
.
𝐶ଶ

𝐶ଵ
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AN : Attention, never use volumetric flow rate in compressible fluid mechanics. 

For an isentropic flow. 

 𝜌ଶ

𝜌ଵ
= ൬

𝑇ଶ

𝑇ଵ
൰

ଵ
ఊିଵൗ

  (II.63) 

 𝐶ଶ

𝐶ଵ
=

𝑀ଶ

𝑀ଵ
.
𝑎ଶ

𝑎ଵ
=

𝑀ଶ

𝑀ଵ
.
ඥ𝛾. 𝑟. 𝑇ଶ

ඥ𝛾. 𝑟. 𝑇ଵ

  

 
            =

ெమ

ெభ
. ට

మ்

భ்
  

          From where:  

 
𝐴ଵ

𝐴ଶ
= ൬

𝑇ଶ

𝑇ଵ
൰

ଵ
ఊିଵൗ

 .
𝑀ଶ

𝑀ଵ
. ඨ

𝑇ଶ

𝑇ଵ
   

 𝐴ଵ

𝐴ଶ
= ൬

𝑇ଶ

𝑇ଵ
൰

ଵ
ఊିଵൗ

 .
𝑀ଶ

𝑀ଵ
. ൬

𝑇ଶ

𝑇ଵ
൰

ଵ
ଶൗ

  

 

 
஺భ

஺మ
= ቀ మ்

భ்
ቁ

ఊାଵ
ଶ(ఊିଵ)ൗ

 .
ெమ

ெభ
            (II.64) 

Calcul మ்

భ்
= ? 

 

⎩
⎪
⎨

⎪
⎧

𝑇଴

𝑇ଵ
= 1 +

𝛾 − 1

2
𝑀ଵ

ଶ

𝑇଴

𝑇ଶ
= 1 +

𝛾 − 1

2
𝑀ଶ

ଶ

  ⇒  
𝑇଴

𝑇ଵ
/

𝑇଴

𝑇ଶ
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
  (II.65) 

 

     
⇒  

𝑇଴

𝑇ଵ
.
𝑇ଶ

𝑇଴
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
  

 

⇒  
𝑇ଶ

𝑇ଵ
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
 (II.66) 

 

For an isentropic flow, we also have: 

 
𝑃ଶ

𝑃ଵ
= ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
ቍ

ఊ
ఊିଵൗ

  (II.67) 

 
𝜌ଶ

𝜌ଵ
= ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
ቍ

ଵ
ఊିଵൗ

 (II.68) 
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Therefore : 

 𝐴ଵ

𝐴ଶ
=

𝑀ଶ

𝑀ଵ
. ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
ቍ

ఊାଵ
ଶ(ఊିଵ)ൗ

 (II.69) 

 

Generally, the critical section of the nozzle Ac is chosen as the reference. 

Let us consider: 𝐴ଵ = 𝐴 , 𝑀ଵ = 𝑀 , 𝐴ଶ = 𝐴௖, 𝑀ଶ = 𝑀௖ = 1  

The previous results become: 

 
⇒  

𝑇௖

𝑇
=

2

𝛾 + 1
൬1 +

𝛾 − 1

2
𝑀ଶ ൰  (II.70) 

 
𝑃௖

𝑃
= ቆ

2

𝛾 + 1
൬1 +

𝛾 − 1

2
𝑀ଶ ൰ቇ

ఊ
ఊିଵൗ

 (II.71) 

 

 𝜌௖

𝜌
= ቆ

2

𝛾 + 1
൬1 +

𝛾 − 1

2
𝑀ଶ ൰ቇ

ଵ
ఊିଵൗ

  (II.72) 

 
𝐴

𝐴௖
=

1

𝑀
. ൤

2

𝛾 + 1
൬1 +

𝛾 − 1

2
𝑀ଶ ൰൨

ఊାଵ
ଶ(ఊିଵ)ൗ

 (II.73) 

 

Figure II. 3 Variation of the 𝑨 𝑨𝒄
ൗ report as a function of Mach downstream  
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II.5 Overview of Subsonic and Supersonic Diffuser 

Main characteristics of diffuser: 

A. Incoming flow can be either subsonic or supersonic based on the application.  

B. A diffuser is designed such that the loss in total pressure is minimal during the 

slowing down of the flow. 

C. Diffusers are commonly used in propulsion systems such as air breathing engines, 

rocket engines etc 

D. Diffusers are also integral components in many wind tunnel designs. 

 

CHAPTER III: SHOCK WAVES 

When a fixed obstacle is placed in a supersonic gas flow, the non-isentropic stagnation of the 

fluid is marked by the emergence of a shock wave. 

Part 1: Normal shock wave  

Under certain conditions, very thin and irreversible discontinuities may occur in isentropic 

flows. These discontinuities are referred to as shock waves, and they are termed normal shock 

waves when they are perpendicular to the flow velocity vectors. 

A normal shock wave in a one-dimensional flow is illustrated in the following figure: 
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Figure III. 1Normal shock wave 

III.2 Fundamental equations (continuity, momentum, energy) and Prandtl's 

relation 

Let us characterize the conditions before and after the shock wave as 1 and 2. 

A.  Preservation of mass flow rate 

The thickness of the shock wave is on the order of a few micrometers at most. Therefore, we 

have.  

 𝜌ଵ𝐶ଵ = 𝜌ଶ𝐶ଶ  (III.1) 

B. Euler's Theorem: By applying it to the material system formed by the wave, one 

obtains: 

 𝑞௠(𝐶ଶ − 𝐶ଵ) = 𝐴 (𝑃ଵ − 𝑃ଶ)  (III.2) 

 

Considering the 

 𝑞௠ = 𝜌ଵ𝐴ଵ𝐶ଵ = 𝜌ଶ𝐴ଶ𝐶ଶ  (III.3) 

 

  

We express this in the form of: 

 𝑃ଵ + 𝜌ଵ𝐶ଵ
ଶ = 𝑃ଶ + 𝜌ଶ𝐶ଶ

ଶ  (III.4) 

 

The sum 𝑃 + 𝜌 𝐶ଶ  is referred to as Dynalpie of the fluid. 
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C.  Barre-Saint Venant Theorem: All forms of this theorem applicable to 

irreversible adiabatic evolutions are valid: 

 𝑐௣𝑇ଵ +
஼భ

మ

ଶ
= 𝑐௣𝑇ଶ +

஼మ
మ

ଶ
= 𝑐௣𝑇଴ (Temperature Stagnation Conservation)  (III.5) 

 

 𝛾

𝛾 − 1
 
𝑃ଵ

𝜌ଵ
+

𝐶ଵ
ଶ

2
=

𝛾

𝛾 − 1
 
𝑃ଶ

𝜌ଶ
+

𝐶ଶ
ଶ

2
   

 𝑇଴

𝑇
= 1 +

𝛾 − 1

2
 𝑀ଶ (III.6) 

 

D.  Characteristic equation of the fluid 

 𝑃

𝜌
= 𝑟 𝑇  (III.7) 

 

Relationships between the characteristic reports of the straight wave 
௉మ

௉భ
,

ఘమ

ఘభ
, మ்

మ்
 

The Euler theorem can be expressed : 

 𝜌ଵ 𝐴 𝐶ଵ(𝐶ଶ − 𝐶ଵ) =   𝐴 (𝑃ଵ − 𝑃ଶ)  (III.8) 

 

We multiply both members by 𝐶ଵ + 𝐶ଶ to make appear 𝐶ଶ
ଶ − 𝐶ଵ

ଶ, 

 𝜌ଵ  𝐶ଵ(𝐶ଶ
ଶ − 𝐶ଵ

ଶ) =   (𝑃ଵ − 𝑃ଶ)(𝐶ଵ + 𝐶ଶ)  (III.9) 

 

We divide both members by 𝜌ଵ𝐶ଵ = 𝜌ଶ𝐶ଶ : 

 
𝐶ଶ

ଶ − 𝐶ଵ
ଶ = (𝑃ଵ − 𝑃ଶ) ൬

𝐶ଵ

𝜌ଵ𝐶ଵ
+

𝐶ଶ

𝜌ଶ𝐶ଶ
൰ = (𝑃ଵ − 𝑃ଶ) ൬

1

𝜌ଵ
+

1

𝜌ଶ
൰  (III.10) 

 

By incorporating this expression into the Barré-Saint Venant theorem: 

 𝐶ଶ
ଶ − 𝐶ଵ

ଶ

2
=

𝛾

𝛾 − 1
൬

𝑃ଵ

𝜌ଵ
−

𝑃ଶ

𝜌ଶ
൰ =

1

2
(𝑃ଵ − 𝑃ଶ) ൬

1

𝜌ଵ
+

1

𝜌ଶ
൰ = ℎଵ − ℎଶ  (III.11) 

 

 

This equation is referred to as the Rankine-Hugoniot equation for shock waves, or 

alternatively, as the Adiabatic-Dynamic equation. It can be expressed in the form: 

 
𝑃ଶ

𝑃ଵ
=

1 −
𝛾 + 1
𝛾 − 1

𝜌ଶ
𝜌ଵ

𝜌ଶ
𝜌ଵ

−
𝛾 + 1
𝛾 − 1

   (III.12) 
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𝜌ଶ

𝜌ଵ
=

1 +
𝛾 + 1
𝛾 − 1

𝑃ଶ
𝑃ଵ

𝑃ଶ
𝑃ଵ

+
𝛾 + 1
𝛾 − 1

=
𝓋ଵ

𝓋ଶ
 (III.13) 

 

 

One will notice the difference with the isentropic law.
௉మ

௉భ
= ቀ

ఘమ

ఘభ
ቁ

ఊ

= ቀ
𝓋భ

𝓋మ
ቁ

ఊ

  

                                      By comparing the curves
௉మ

௉భ
= 𝑓 ቀ

𝓋మ

𝓋భ
ቁ 

                                                                 The figure shown above is obtained. In the 

comparison 

The isentropic asymptote is the vertical axis. 

In straight wave compression, the asymptote is: 

 
𝓋ଶ

𝓋ଵ
=

𝛾 − 1

𝛾 + 1
 

                 The volume v2 remains finite. 

 

 

Fig III 2:  మ்

భ்
= 𝑓(

𝓋మ

𝓋భ
) 

The report𝑃ଶ 𝑃ଵ⁄  believe faster than an isentropic compression of the same ratio 𝓋ଶ 𝓋ଵ⁄ , ce 

which suggests a more rapid increase in temperature. 

Indeed: 

 𝑇ଶ

𝑇ଵ
=

𝜌ଵ

𝜌ଶ
×

𝑃ଶ

𝑃ଵ
  (III.14) 

Instead of: 

 
𝑇ଶ

𝑇ଵ
=

𝑃ଶ
𝑃ଵ

+
𝛾 + 1
𝛾 − 1

𝑃ଵ
𝑃ଶ

+
𝛾 + 1
𝛾 − 1

  

From where 𝑇ଶ

𝑇ଵ
= ൬

𝑃ଶ

𝑃ଵ
൰

(ఊିଵ) ఊ⁄

 
(III.15) 

In isentropic compression. 
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Fig III. 3: Comparaison  
𝑻𝟐

𝑻𝟏
= 𝒇 ቀ

𝑷𝟐

𝑷𝟏
ቁ with and without normal shock wave 

The figure illustrates the curves మ்

భ்
= 𝑓 ቀ

௉మ

௉భ
ቁ In both cases. 

A.5 Prandtl Relation 

The Euler equation can be expressed: 

 

 

 
𝐶ଶ − 𝐶ଵ =

𝑃ଵ

𝜌ଵ𝐶ଵ
−

𝑃ଶ

𝜌ଶ𝐶ଶ
 (III.16) 

 

 

Considering the expression for the speed of sound: 𝑎ଶ = 𝛾𝑃/𝜌 

 

 
𝛾(𝐶ଶ − 𝐶ଵ) =

𝑎ଵ
ଶ

𝐶ଵ
−

𝑎ଶ
ଶ

𝐶ଶ
  (III.17) 

The Barré-Saint Venant theorem becomes: 

 

 
𝑎ଵ

ଶ +
𝛾 − 1

2
𝐶ଵ

ଶ = 𝑎ଶ
ଶ +

𝛾 − 1

2
𝐶ଶ

ଶ =
𝛾 + 1

2
𝑎௖

ଶ  (III.18) 

 

From where 
𝑎ଵ

ଶ = 𝑎ଶ
ଶ + (𝐶ଶ

ଶ − 𝐶ଵ
ଶ)

𝛾 − 1

2
   

The Euler equation is then expressed as: 

 
𝑎ଵ

ଶ = 𝑎ଶ
ଶ + (𝐶ଶ

ଶ − 𝐶ଵ
ଶ)

𝛾 − 1

2
   

 
𝛾(𝐶ଶ − 𝐶ଵ) =

𝐶ଶ
ଶ − 𝐶ଵ

ଶ

𝐶ଵ

𝛾 − 1

2
+

𝑎ଶ
ଶ

𝐶ଵ
−

𝑎ଶ
ଶ

𝐶ଶ
 (III.19) 
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As a result: 

 
𝐶ଵ 𝐶ଶ =

2

𝛾 + 1
൬𝑎ଶ

ଶ +
𝛾 − 1

2
𝐶ଶ

ଶ൰   

 

And, by introducing the critical speed: 

 𝑪𝟏 𝑪𝟐 = 𝒂𝒄
𝟐   

III.2 Relationships of the normal shock wave in relation to the Mach 

number 

III.2.1 Calculation of the characteristic shock wave ratios based on the 

upstream Mach number 

 

The conservation of flow rate and the Prandtl relationship can be expressed in the form: 

 𝜌ଶ

𝜌ଵ
=

𝐶ଵ

𝐶ଶ
=

𝐶ଵ
ଶ

𝑎௖
ଶ   (III.20) 

 

The Barré-Saint Venant theorem allows for the expression of ac in relation to the upstream 

conditions. 

 
𝑎௖

ଶ =
2

𝛾 + 1
൬𝑎ଵ

ଶ +
𝛾 − 1

2
𝐶ଵ

ଶ൰  (III.21) 

 

From where does it derive: 

 
𝜌ଶ

𝜌ଵ
=

𝐶ଵ

𝐶ଶ
=

𝛾 + 1
2

𝑀ଵ
ଶ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ
=

(𝛾 + 1)𝑀ଵ
ଶ

2 + (𝛾 − 1)𝑀ଵ
ଶ  (III.22) 

 

ఘమ

ఘభ
=

଺ெభ
మ

ହାெభ
మ           to provide 𝛾 = 1.4 

By substituting 
ఘమ

ఘభ
  by its value in the expression of 

௉మ

௉భ
 view in (III.12) in summary, it can be 

stated as follows: 

 𝑃ଶ

𝑃ଵ
=

2𝛾

𝛾 + 1
𝑀ଵ

ଶ −
𝛾 − 1

𝛾 + 1
  (III.23) 

 𝑃ଶ

𝑃ଵ
=

2𝛾𝑀ଵ
ଶ − (𝛾 − 1)

𝛾 + 1
 (III.24) 
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௉మ

௉భ
=

଻ெభ
మିଵ

଺
       to provide 𝛾 = 1.4 

One can also express it in the form of : 

 
𝑀ଵ

ଶ = 1 +
𝛾 + 1

2𝛾
൬

𝑃ଶ

𝑃ଵ
− 1൰  (III.25) 

 

This indicates that a report 
௉మ

௉భ
 greater than 1 can only be achieved if 𝑀ଵ > 1. 

It is noteworthy that, for 𝑀ଵ = 2, 
௉మ

௉భ
= 4,5, This indicates the potential for significant 

compression due to shock at the entrance of the propulsion reactors. 

The ratio of absolute temperatures is provided by: 

 𝑇ଶ

𝑇ଵ
=

𝜌ଵ

𝜌ଶ
×

𝑃ଶ

𝑃ଵ
  (III.26) 

From where  

𝑇ଶ

𝑇ଵ
=

2 ቀ1 +
𝛾 − 1

2
𝑀ଵ

ଶቁ [2𝛾𝑀ଵ
ଶ − (𝛾 − 1)]

(𝛾 + 1)ଶ𝑀ଵ
ଶ =

(2 + (𝛾 − 1)𝑀ଵ
ଶ)[2𝛾𝑀ଵ

ଶ − (𝛾 − 1)]

(𝛾 + 1)ଶ𝑀ଵ
ଶ   (III.23) 

మ்

భ்
=

൫ெభ
మାହ൯൫଻ெభ

మିଵ൯

ଷ଺ெభ
మ             For  𝛾 = 1.4  

 

 

 

III.2.2 Calculation of characteristic ratios based on upstream and 

downstream Mach numbers 

Through a study similar to that of the previous paragraph, the relationship is established 

The values of question  

 
𝜌ଵ

𝜌ଶ
=

𝐶ଶ

𝐶ଵ
=

𝐶ଶ
ଶ

𝑎௖
ଶ =

𝛾 + 1
2

𝑀ଶ
ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
  (IV.24) 

From where :     𝑃ଵ

𝑃ଶ
=

2𝛾

𝛾 + 1
𝑀ଶ

ଶ −
𝛾 − 1

𝛾 + 1
 (IV.25) 

and 

 
𝑀ଶ

ଶ = 1 +
𝛾 + 1

2𝛾
൬

𝑃ଵ

𝑃ଶ
− 1൰  (IV.26) 

It can be inferred that, as 𝑃ଵ 𝑃ଶ⁄ < 1, 𝑀ଶ < 1. 
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In stating that, according to Prandtl's relationship, 
஼భ

మ

௔೎
మ ×

஼మ
మ

௔೎
మ = 1 

A relationship can be found between 𝑀ଵ et 𝑀ଶ, which can be expressed in the form of: 

 

𝑀ଶ
ଶ =

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

𝛾𝑀ଵ
ଶ −

𝛾 − 1
2

=
2 + (𝛾 − 1)𝑀ଵ

ଶ

2𝛾𝑀ଵ
ଶ − (𝛾 − 1)

  (III.27) 

For  𝛾 = 1,4 
     𝑀ଶ

ଶ =
5 + 𝑀ଵ

ଶ

7𝑀ଵ
ଶ − 1

 (III.28) 

This equation demonstrates that as 𝑀ଵ > 1 and   𝑀ଶ < 1. 

The flow remains subsonic downstream of a straight shock wave. 

Additionally, one can provide the relationship: 

 𝑃ଶ

𝑃ଵ
=

1 + 𝛾𝑀ଵ
ଶ

1 + 𝛾𝑀ଶ
ଶ  (III.29) 

Let us finally recall the Barré-Saint Venant theorem and express it in the form: 

 
𝑇ଶ

𝑇ଵ
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
 (III.30) 

 
𝑇ଶ

𝑇ଵ
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
 (III.31) 

 𝑇ଶ

𝑇ଵ
=

2 + (𝛾 − 1)𝑀ଵ
ଶ

2 + (𝛾 − 1)𝑀ଶ
ଶ (III.32) 

III.2.3 Variation of entropy in a normal shock wave 

 

The transformation in a Normal shock wave is irreversible and is accompanied by an increase 

in entropy. 
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Fig IV. 4: Variation of 
𝑻𝟐

𝑻𝟏
= 𝒇 ቀ

𝑺𝟐

𝑺𝟏
ቁ in a normal shock wave 

One of the general expressions for the change in entropy of an ideal gas : 

 
𝑆ଶ − 𝑆ଵ = 𝑐௩𝑙𝑛

𝑃ଶ𝓋ଶ
ఊ

𝑃ଵ𝓋ଵ
ఊ  (IV.33) 

This expression allows for an immediate verification that 𝑆ଶ − 𝑆ଵ equals zero for an isentropic 

process. (𝑃𝓋
ఊ

= 𝑐𝑡𝑒). 

Upon traversing a straight shock wave, one can express: 

 
𝑆ଶ − 𝑆ଵ = 𝑐௩𝑙𝑛 ൤

𝑃ଶ

𝑃ଵ
. ൬

𝜌ଵ

𝜌ଶ
൰

ఊ

൨  (IV.34) 

 

And replace𝑃ଵ 𝑃ଶ⁄  and 𝜌ଵ 𝜌ଶ⁄  through one of the previously established expressions. 

 

𝑆ଶ − 𝑆ଵ = 𝑐௩𝑙𝑛 ൦
2𝛾

𝛾 + 1
𝑀ଵ

ଶ −
𝛾 − 1

𝛾 + 1
. ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

𝛾 + 1
2

𝑀ଵ
ଶ

ቍ

ఊ

൪  (IV.35) 

This variation of entropy is low for values of M1 close to 1 (practically negligible up to 

M1=1.2) and then increases rapidly.It should be noted that if M1<1, this expression yields a 

negative change in entropy, which has no physical significance. Therefore, the right shock 

wave can only exist if M1>1.The previous figure illustrates the change in entropy during the 

passage of a right wave on an entropy diagram where T1 and S1 have been selected as units. It 

can be demonstrated that for S2=S1, the curve has a third-order contact with the isentrope 

(vertical axis). 

III.3  Limit cases: weak shock waves & strong shock waves 

On a 

஼మ೙

஼భ೙
=

஼మ
మ

௔೎
మ =

ଶା(ఊିଵ)ெభ
మ

(ఊାଵ)ெభ
మ  , According to (III.22) and  𝐶ଶ௧ = 𝐶ଵ௧ cos 𝛽, From which we deduce the 

components of C2 by projecting along the axes Ox and Oy. 

. 
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𝑪𝟐𝒙

𝑪𝟏
= 𝑭(𝑴𝟏, 𝜷)  𝑎𝑛𝑑  

𝑪𝟐𝒚

𝑪𝟏
= 𝑮(𝑴𝟏, 𝜷). For a fixed value of M1, It can therefore be deduced 

for each value of β (angle of shock) the components of the speed downstream C2, and 

consequently the angle of deflection 𝜃 = 𝑎𝑟𝑐𝑡𝑔(𝐶ଶ௬/𝐶ଶ௫). 

III.5 Pitot tube in supersonic conditions 

A Pitot tube is a small hollow tube placed parallel to the flow direction in a supersonic wind 

tunnel to measure the flow Mach number by connecting it to a pressure transducer that 

measures stagnation pressure. 

II.5.1 operating principle 

The tube is linked to a pressure transducer that gauges the stagnation pressure located behind 

the bow shock. The free flow streamline, which is aligned with the tube axis, intersects the 

normal section of the bow shock. Consequently, the Rankine-Hugoniot relations applicable to 

a normal shock wave are relevant in this scenario. For instance, the equation below illustrates 

the relationship between the stagnation pressures upstream and downstream of the normal 

shock wave (P01 and P02, respectively) as a function of the upstream flow Mach number, 

denoted as M1. Therefore, by measuring P01 and P02, one can determine the upstream flow 

Mach number. 
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  Figure III.5 Pitot probe 

III.5.1 Calculation of the stagnation pressure following the Normal shock 

wave 

After the Normal shock wave, the flow becomes isentropic once more, and the stagnation 

pressure, which is equal to the new generating pressure 𝑃௜
ᇱ, is provided by: 

 𝑃௜
ᇱ

𝑃
= ൬1 +

𝛾 − 1

2
𝑀ଶ

ଶ൰
ఊ ఊିଵ⁄

  (IV.36) 

 

Figure III. 6 Variation of the stagnation pressure after the normal shock wave 

 

The preceding calculations thus enable the determination of P2 and subsequently Pr, where 

this pressure 𝑃𝑟 = 𝑃௜
ᇱ is lower than the initial generating pressure of the flow, due to the 

irreversibility of the shock wave. The ratio 
௉೔

ᇲ

௉೔
 serves as a measure of irreversibility. of the 

shock wave. 

The changes occurring upstream and downstream of the shock wave are isentropic, thus we 

have: 
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𝑆ଶ − 𝑆ଵ = 𝑆௜

ᇱ − 𝑆௜ = 𝑟 𝑙𝑛
𝑃௜

𝑃௜
ᇱ + 𝑐௣𝑙𝑛

𝑇௜
ᇱ

𝑇௜

  (IV.37) 

 

Since the stagnation temperature is maintained, even during an irreversible adiabatic process. 

(𝑇௜
ᇱ = 𝑇௜  𝑐. 𝑎 𝑑 𝑇଴ଶ = 𝑇଴ଵ), on a : 

 
𝑆ଶ − 𝑆ଵ = 𝑟 𝑙𝑛

𝑃௜

𝑃௜
ᇱ  (IV.38) 

In comparison with the expression of 𝑆ଶ − 𝑆ଵ vue in equation (IV.35), one obtains: 

 
𝑃௜

𝑃௜
ᇱ = ൦

2𝛾

𝛾 + 1
𝑀ଵ

ଶ −
𝛾 − 1

𝛾 + 1
. ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

𝛾 + 1
2

𝑀ଵ
ଶ

ቍ

ఊ

൪

ଵ
ఊିଵൗ

  (IV.39) 

 
𝑃௜

𝑃௜
ᇱ = ቈ

2𝛾  𝑀ଵ
ଶ − (𝛾 − 1)

𝛾 + 1
. ቆ

2 + (𝛾 − 1)𝑀ଵ
ଶ

(𝛾 + 1)ଶ𝑀ଵ
ଶ ቇ

ఊ

቉

ଵ
ఊିଵൗ

 (IV.40) 

III.6 Variation of the section in a normal shock wave 

By combining the mass flow rate equation𝑞௠ = 𝜌ଵ𝐴ଵ𝐶ଵ = 𝜌ଶ𝐴ଶ𝐶ଶ    with isentropic relations 

                                                               
ఘమ

ఘభ
= ቀ మ்

భ்
ቁ

ଵ ఊିଵ⁄

 et  

                                                               
஼మ

஼భ
=

ெమ

ெభ
.

௔మ

௔భ
=

ெమ

ெభ
.

ඥఊ.௥. మ்

ඥఊ.௥. భ்
 

                                                

 

 

             
𝐴ଶ

𝐴ଵ
=

𝑀ଶ

𝑀ଵ
. ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
ቍ

ఊାଵ
ଶ(ఊିଵ)ൗ

  (IV.41) 

                                                                                                                                                                                                 

Therefore, in conclusion: 

 
𝐴ଶ

𝐴ଵ
=

𝑀ଶ

𝑀ଵ
. ቆ

2 + (𝛾 − 1)𝑀ଵ
ଶ

2 + (𝛾 − 1)𝑀ଶ
ଶቇ

(ఊାଵ)
ଶ(ఊିଵ)൘

  (IV.42) 

III.7 Isentropic efficiency of compression by shock wave 

 

To define this yield, we compare the Normal shock wave and the isentropic compression at 

the same pressures. 
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Figure III. 6 Isentropic and real détente in a nozzle 

By analogy with the standard definitions used for turbochargers, the isentropic efficiency is 

defined as the ratio of the change in enthalpy during isentropic compression to the change in 

enthalpy during shock wave compression. 

Let us denote points 1, 2s, and 2 as the corresponding figurative points (figure IV.6). : 

 

𝜂௦ =
ℎଶ௦ − ℎଵ

ℎଶ − ℎଵ
=

𝑐௣(𝑇ଶ௦ − 𝑇ଵ)

𝑐௣(𝑇ଶ − 𝑇ଵ)
=

𝑇ଶ௦
𝑇ଵ

− 1

𝑇ଶ
𝑇ଵ

− 1
  (IV.43) 

By substituting the equations from the previous paragraph into these equations, the following 

curves are obtained.  
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Figure III. 7  Summary graphs of the flow parameters before and after the shock wave 

The efficiency of the straight wave surpasses that of the best machines for 𝑃ଶ 𝑃ଵ⁄ ≤ 2,7(𝑀 ≈

1.5 , 𝜂 ≈ 0.9) It remains acceptable until 𝑃ଶ 𝑃ଵ⁄ = 4.5  (𝑀 ≈ 2, 𝜂௦ ≈ 0.8).  

IV.8 Examples of flows with shock 

 

- At the conclusion of the previous paragraph, we observed the situation concerning 

improperly designed nozzles. A stationary normal shock wave is established at a location 

where the exit pressure equals the ambient pressure. 

- External flows around the leading edge or the nose of a projectile, an aircraft, or a space 

shuttle... in supersonic conditions. Air intakes of the first supersonic aircraft. 

 

Figure III. 8  Example of flow with a normal shock wave 

Comments: 
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 Beyond M=2, the isentropic efficiency becomes significantly low. We will see that it is 

preferable to use oblique shock waves. 

 Very high compression ratios can be achieved through shock waves. 

 Starting from M=3, the heating of the leading edges (T=1200°K) necessitates the use of 

refractory materials. 

 The Normal shock wave is highly dissipative beyond M=2. 

 In summary: 

1. The shock represents a discontinuity. 

2. It reduces supersonic flow to subsonic flow. 

3. The thickness of the shock is minimal, measuring only a few micrometers. 

4. This is an irreversible phenomenon. 

 

Energy conservation across the shock is isothermal: T02 = T01. 

The solution to these equations is frequently achieved through an iterative method. When 

utilizing these equations, it is crucial to pay particular attention to the upstream and 

downstream conditions of the shock: 

1. The Mach number upstream is always supersonic, while the downstream Mach number is 

subsonic. 

2. Stagnation pressures and densities decrease in the flow direction across the shock, whereas 

the stagnation temperature remains constant due to the adiabatic condition. 

3. Pressure increases significantly, while temperature and density rise moderately downstream 

across the shock. 

4. The area of the critical or sonic throat changes across the normal shock in the downstream 

direction, with A2 being greater than A1. 

5. Shock waves are highly irreversible, resulting in the specific entropy downstream (S2) 

being greater than that upstream (S1). 

Moving normal shock waves, such as those occurring in explosions or spacecraft re-entering 

the atmosphere, can be analyzed as stationary normal shock waves by employing a coordinate 

system that moves with the wave speed in the direction of the shock wave. 
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Figure III. 9: Flow regimes in a Laval nozzle 

 

Part 2:OBLIQUE SHOCK WAVE 

 

Let us consider a supersonic flow occurring along the surfaces of a dihedral angle (π-Ψ). 

The direction of the velocity vector (C1) ⃗ is abruptly altered. 

The downstream flow may be subsonic or supersonic depending on the magnitude of the 

deflection Ψ. 

III.2. 1 Concepts of Oblique Shock Waves 

Interprétation 1.1: Compression through oblique shock 

a) Consider a supersonic flow along a dihedral angle causing a deviation Ψ, an oblique 

wave Ω was generated. 

b) b) Preservation of mass flow rate: Let us consider a unit section AB on the wave Ω 

and the fluid particles that have passed through this section during the time interval dt. 

In the following figure, we have: 

The elemental mass dm that has traversed AB during the time dt is  

 𝑑𝑚 = 𝜌ଵ𝐶ଵ௡ 𝑑𝑡 = 𝜌ଶ𝐶ଶ௡ 𝑑𝑡  (V.1) 
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𝐶ଵ௡ et 𝐶ଶ௡ being the components of the speed normal to the wave. The continuity equation is 

thus expressed as: 

 

 

Figure III.6 Compression by oblique shock wave 

 

III.2 Equations de base et relation de Prandtl 

According to the figure III.6, 

 𝝆𝟏𝑪𝟏𝒏 = 𝝆𝟐𝑪𝟐𝒏  (V.2) 

c) Euler's Theorem: By applying it to the material system formed by the wave, one obtains: 

 𝑞(𝐶ଶ௧ − 𝐶ଵ௧) = 0, d’où    𝐶ଶ௧ = 𝐶ଵ௧  (V.3) 

It follows that the wave is perpendicular to the vector.𝐶ଵ
ሬሬሬሬ⃗ − 𝐶ଶ

ሬሬሬሬ⃗  

Let us project onto the normal to the wave: 

 𝑞(𝐶ଶ௧ − 𝐶ଵ௧) = 𝑆(𝑃ଵ − 𝑃ଶ)  (V.4) 

For a unit section 𝑞 = 𝜌ଵ𝐶ଵ௡  = 𝜌ଶ𝐶ଶ௡, The Euler equation is thus expressed as : 

 𝑷𝟏 + 𝝆𝟏𝑪𝟏𝒏
𝟐 = 𝑷𝟐 + 𝝆𝟐𝑪𝟐𝒏

𝟐   (V.5) 

 

d) Barré-Saint Venant Theorem: All forms of this theorem applicable to irreversible 

adiabatic processes can be utilized. 
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𝑐௣𝑇ଵ +

𝐶ଵ
ଶ

2
= 𝑐௣𝑇ଶ +

𝐶ଶ
ଶ

2
= 𝑐௣𝑇௜  (V.6) 

By introducing the components of speed, we obtain: 

 
𝑐௣𝑇ଵ +

𝐶ଵ௡
ଶ

2
+

𝐶ଵ௧
ଶ

2
= 𝑐௣𝑇ଶ +

𝐶ଶ௡
ଶ

2
+

𝐶ଶ௧
ଶ

2
  (V.7) 

 

Considering the equality of the tangential components 

 
𝑐௣𝑇ଵ +

𝐶ଵ௡
ଶ

2
= 𝑐௣𝑇ଶ +

𝐶ଶ௡
ଶ

2
  (V.8) 

 

III.2.1 Conclusion 

Key findings: By comparing the previous equations to the fundamental equations of the right 

shock wave, it is observed that the equations for the oblique wave can be derived by 

substituting the speeds C1 and C2 with their normal components C1n and C2n in the equations 

of the right wave. 

Thus, by substituting in all the expressions obtained in the Normal shock wave,  

𝐶ଵ௡ = 𝐶ଵ𝑠𝑖𝑛𝛼 , 𝐶ଶ  par 𝐶ଶ௡, 𝑀ଵ = 𝐶ଵ 𝑎⁄  by : 

 
𝑀ଵ௡ =

𝐶ଵ௡

𝑎
= 𝑀ଵ𝑠𝑖𝑛𝛼  (V.9) 

𝑀ଵ𝑠𝑖𝑛𝛼  is referred to as the normal Mach number, 𝑀ଶ = 𝐶ଶ 𝑎⁄  by : 

 
𝑀ଶ௡ =

𝐶ଶ௡

𝑎
= 𝑀ଶsin (𝛼 − 𝜓)  (V.10) 

For instance, one obtains: 

 𝑃ଶ

𝑃ଵ
=

2𝛾

𝛾 + 1
𝑀ଵ

ଶ𝑠𝑖𝑛ଶ𝛼 −
𝛾 − 1

𝛾 + 1
  (V.11) 

 

Note 01: 

The compression rate of the oblique shock wave is therefore lower than that of the straight 

shock wave. 

 

𝑆ଶ − 𝑆ଵ = 𝑐௩𝑙𝑛 ൦
2𝛾

𝛾 + 1
𝑀ଵ

ଶ𝑠𝑖𝑛ଶ𝛼 −
𝛾 − 1

𝛾 + 1
. ቌ

1 +
𝛾 − 1

2
𝑀ଵ

ଶ𝑠𝑖𝑛ଶ𝛼

𝛾 + 1
2

𝑀ଵ
ଶ𝑠𝑖𝑛ଶ𝛼

ቍ

ఊ

൪  (V.12) 

Note 02: 

The increase in entropy is also lower than that of a straight wave, indicating a reduction in 

irreversible internal losses. 
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We also establish the relationships: 

 𝐶ଵ௡ 𝐶ଶ௡ = 𝑎௖
ଶ −

ఊିଵ

ఊାଵ
𝐶௧

ଶ (Relation of Prandtl) (V.13) 

 

𝑀ଵ
ଶ𝑠𝑖𝑛ଶ(𝛼 − 𝜓) =

1 +
𝛾 − 1

2
𝑀ଵ

ଶ𝑠𝑖𝑛ଶ𝛼

𝛾𝑀ଵ
ଶ𝑠𝑖𝑛ଶ𝛼 −

𝛾 − 1
2

 (V.14) 

 

 
𝑡𝑔𝜓 = 2𝑐𝑜𝑡𝑔𝛼 

𝑀ଵ
ଶ𝑠𝑖𝑛ଶ𝛼 − 1

𝑀ଵ
ଶ(𝛾 + 𝑐𝑜𝑠2𝛼) + 2

  (V.15) 

 

 

Figure III.7  Properties of the oblique wave 

For a given value of M1 and ψ, there are two values of M2; 

The oblique wave corresponds to the highest Mach number M2, which is almost always 

supersonic, while the other solution lacks physical existence (discontinuous trait); 

In the limit, for ψ=0, we find the two solutions α=90° (corresponding to the straight shock 

wave) and 𝛼 = 𝑎𝑟𝑐 sin (1/𝑀ଵ), corresponding to the Mach wave, caused for instance by a 

slight surface defect on the wall of the flow, and for which 𝑀ଵ = 𝑀ଶ. 

 

III.2.2 Flow around a corner 

Let us consider the flow around a salient dihedral angle at the apex.2𝜓, The stagnation is 

normal at the vector.𝐶ଵ
ሬሬሬሬ⃗ . 

a) If ψ is small, the phenomenon can be inferred from the previous one by symmetry; 

From a certain maximum value of ψ or a certain minimum value of M1 that can be 

calculated, the wave detaches and the Mach number M2 becomes less than 1. 
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      b) If the obstacle is blunt, a similar phenomenon occurs, but the wave detaches earlier. 

Relaxation through oblique waves 

The previous calculations can be revisited with an angle ψ<0, resulting in a divergence of the 

flow. This leads to a decrease in entropy, thus rendering them devoid of physical significance 

. 

Thus, we have  

𝑠𝑖𝑛𝛼ଵ =
ଵ

ெభ
 ,  𝑠𝑖𝑛𝛼ଶ =

ଵ

ெమ
 

 (V.16) 

Between these Mach waves, the change in direction occurs gradually. It is caused by a 

series of fine, fan-shaped oblique waves. The transformation is isentropic. As there is 

expansion 𝑃ଶ < 𝑃ଵ, 𝑀ଶ > 𝑀ଵ , 𝛼ଶ < 𝛼ଵ 

 

 

Figure III.8 several characteristic configurations where one can generally determine whether it 

is a strong or weak oblique shock. 

III.2.3 Reflection and refraction of oblique waves 

 

When an oblique shock wave encounters a wall, reflection occurs. The reflected shock 

generates a deflection in the opposite direction, with the downstream flow once again parallel 

to the wall. 

Each wave results in a decrease in the Mach number and an increase in pressure. The 

compression rates of the two waves differ, as do the ratios of their Mach numbers. Figure 

(III.4) schematically illustrates the phenomenon along with the pressure variation along a 

streamline and at the wall. 

A similar phenomenon occurs when there is an intersection of waves, as shown in figure 

(III.5), which is accompanied by refraction. This refraction is negligible for low-intensity 

waves. 

When an oblique shock wave reflects off the free boundary of a jet, reflection occurs with a  
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Sign change. 

 

CHAPTER IV: Détente Prandtl-Mayer 

IV.1Introduction 

The Prandtl-Mayer expansion describes the isentropic expansion (without entropy 

loss) of a supersonic gas when it encounters a convex geometric discontinuity, such as an 

outward angle. 

 

In contrast to an oblique shock (compression), the Prandtl-Mayer expansion involves a change 

in direction accompanied by a decrease in pressure, temperature, and density, while the speed 

of the gas increases. 

IV.2 Prandtl-Mayer expansion wave  

As an object traverses through a gas, the gas molecules are redirected around the object. If the 

object's speed is significantly lower than the speed of sound in the gas, the gas density 

remains unchanged, and the gas flow can be characterized by the conservation of momentum 

and energy. As the object's speed approaches the speed of sound, it becomes necessary to 

account for the compressibility effects on the gas. The gas density varies locally as it is 

compressed by the object. When an object exceeds the speed of sound, and there is a sudden 

reduction in the flow area, shock waves are produced. Conversely, if the flow area expands, a 
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different flow phenomenon occurs. In cases of abrupt expansion, we encounter a centered 

expansion fan. 

IV.3 Mechanism of expansion 

The gas encounters a wall with a convex angle. 

Since this is a supersonic flow, information cannot propagate upstream. 

A range of weak Mach waves develops from the corner. 

These waves create a fan-like structure known as the Prandtl-Mayer fan. 

Each wave induces a slight deviation in the flow, resulting in a minor increase in speed and a 

decrease in pressure/temperature. 

IV.4 Comparison of Shock Wave / Prandtl-Mayer Expansion 

 

Aspect Shock Wave Expansion  Prandtl-Mayer 
Geometry Entry Angle  Exit Angle  
Processus Non-isentropic (losses) Isentropic (reversible) 
Velocity Decrease Increase 
Pressure/temperature Increase Decrease 
Entropy Increase  Constante 
 

Applications 

1. Supersonic nozzles (as used in rocket engines) 

2. Aerodynamics of bodies with angular geometry 

3. Supersonic wind tunnels 

4. Studies of flow in divergent nozzles 

 

 

Figure IV.1 Prandtl-Mayer expansion wave  
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The calculation of the expansion fan necessitates the application of the Prandtl-Meyer 

function. This function is derived from the principles of conservation of mass, momentum, 

and energy for infinitesimal (differential) deflections. The Prandtl-Meyer function is 

represented by the Greek letter 𝝂 in the presentation and is a function of the Mach number M 

and the specific heat ratio 𝜸 of the gas.  

𝜈 = ට
ఊାଵ

ఊିଵ
𝑡𝑎𝑛ିଵට

ఊିଵ

ఊାଵ
(𝑀ଶ − 1) − 𝑡𝑎𝑛ିଵඥ(𝑀ଶ − 1)                (IV.1)  

 

 

v(M):Prandtl-Mayer function (in radians) 

M: Mach number 

𝛾:Ratio of specific heats (γ=1.4 for air) 

The change in angle θ corresponds to: 

𝜃 = 𝑣(𝑀ଶ − 𝑀ଵ)                                         (IV.1) 

Where 𝑀ଵand 𝑀ଶ  are the upstream and downstream Mach numbers of the expansion. 

Properties of the Prandtl-Mayer fan 

Quantity Evolution in the range 
Velocity Increase  
Pressure Decrease 
Temperature Decrease 
Density Decrease 
Mach Number increase 
 

Example 

A supersonic airflow with 𝑀ଵ=2.0 approaches a 15° corner. Following the Prandtl-Mayer 

expansion fan, the flow deflects by 15° and the Mach number increases (for instance to 

𝑀ଵ≈2.4), while the pressure, temperature, and density decrease. 
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CHAPTER V: Non-isentropic 1D flow in a constant cross-section conduit 

Part 1: COMPRESSIBLE FLOW WITH FRICTION AND WITHOUT 

HEAT TRANSFER (FANNO'S THEORY) 

V.1 Analysis of Fanno flow and fundamental equations 

Chapter (III) demonstrated the impact of section change on compressible flow while 

disregarding heat transfer and friction. We can now incorporate friction and heat transfer into 

the section change and examine the coupled effects, which are discussed in advanced texts. 

However, as a basic introduction, this section only addresses the effect of friction, neglecting 

section change and heat transfer. The fundamental assumptions are: 

• One-dimensional, steady-state, and adiabatic flow 

• Ideal gas with constant specific heats 

• Constant straight section conduit 

• Negligible mechanical work and potential energy changes 

• Wall shear stress correlated by a Darcy friction factor 

 

Indeed, we are investigating a friction problem in Moody-type piping, but with significant 

variations in kinetic energy, enthalpy, and pressure within the fluid flow. 

Let us consider the elementary control volume of the conduit with section A and length dx as 

depicted in Figure (V.1). The section remains constant, yet other flow properties (p, ρ, T, h, 

C) may vary with x. 
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The application of the three conservation laws to this control volume results in three 

differential equations.                                   

Continuity : 𝜌 𝑉 =
௠̇

஺
= 𝐺 = 𝑐𝑜𝑛𝑠𝑡      (V.1) 

Where  𝑑𝜌

𝜌
+

𝑑𝑉

𝑉
= 0 (V.2) 

 

Quantity of motion according to x: 

 𝑃 𝐴 − (𝑃 + 𝑑𝑃)𝐴 − 𝜏௪𝜋𝐷 𝑑𝑥 = 𝑚̇(𝐶 + 𝑑𝐶 − 𝐶 )  (V.3) 

Where 
𝑑𝑃 +

4𝜏௪ 𝑑𝑥

𝐷
+ 𝜌𝐶 𝑑𝐶 = 0 (V.4) 

Energy : 
ℎ +

1

2
𝐶ଶ = ℎ଴ = 𝐶௉𝑇଴ = 𝐶௉𝑇 +

1

2
𝐶ଶ  (V.5) 

Where  𝐶௉𝑑𝑇 + 𝐶𝑑𝐶 = 0   (V.6) 

   

Since these three equations contain five unknowns: P, ρ, T, C, and τw, we require two 

complementary relationships. This is the ideal gas law. 

 𝑃 =  𝜌 𝑟 𝑇     𝑜𝑢         
ௗ௉

௉
=

ௗఘ

ఘ
+

ௗ்

்
       (V.7) 
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To eliminate τw as an unknown, it is assumed that the shear stress at the wall is correlated by a 

local Darcy friction coefficient.𝜆 

 𝜏௪ =
ଵ

଼
 𝜆 𝜌 𝐶ଶ =

ଵ

ଶ
𝜆𝛾 𝑃 𝑀ଶ              (V.8) 

 

Where the final form adheres to the speed relationship of sound in an ideal gas 𝑎ଶ = 𝛾 𝑟 𝑇 . In 

practice, λ can be associated with the local Reynolds number and the roughness of the wall. 

V.2 Variation of flow characteristics as a function of Mach number 

The equations (V.4) and (V.7) are first-order differential equations that can be integrated 

using friction coefficient data, starting from any inlet section 1, where P1, T1, C1, etc., are 

known, to determine P(x), T(x), etc., along the pipeline. It is virtually impossible to eliminate 

all but one variable to provide, for instance, a simple differential equation for P(x), but all 

equations can be expressed in terms of the Mach number M(x) and the friction coefficient, 

utilizing the definition of the Mach number. 

 𝐶ଶ = 𝑀ଶ 𝛾 𝑟𝑇              (V.8) 

Where  2𝑑𝐶

𝐶
=

2𝑑𝑀

𝑀
+

𝑑𝑇

𝑇
 (V.9) 

                                                        

By eliminating variables between the equations (V.2 to V.9), we derive the working 

relationships. 

𝑑𝑃 +
4(

1
2

𝜆𝛾 𝑃 𝑀ଶ)𝑑𝑥

𝐷
+ 𝜌𝐶 𝑑𝐶 = 0 

 ௗ௉

௉
= −𝛾𝑀ଶ ଵା(ఊିଵ)ெమ

ଶ(ଵିெమ )
𝜆

ௗ௫

஽
       (V.10) 

 ௗఘ

ఘ
=

ఊ ெమ

ଶ(ଵିெమ )
𝜆

ௗ௫

஽
= −

ௗ஼

஼
  (V.11) 

 ௗ௉బ

௉బ
=

ௗఘబ

ఘబ
= −

ଵ

ଶ
𝛾𝑀ଶ𝜆

ௗ௫

஽
      (V.12) 

 ௗ்

்
= −

ఊ(ఊିଵ)ெర

ଶ(ଵିெమ )
𝜆

ௗ௫

஽
      (V.13) 

 ௗெమ

ெమ = 𝛾𝑀ଶ
ଵା

భ

మ
(ఊିଵ)ெమ

ଵିெమ 𝜆
ௗ௫

஽
     (V.14) 

 

All except dP0/P0 have the factor 1-M2 in the denominator, so that, similar to the section 

change formulas in chapter (II), the subsonic and supersonic flows exhibit opposing effects: 
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We have added to the list above that entropy must increase along the duct for the flow to be 

either subsonic or supersonic, as a consequence of the second law for adiabatic flow. For the 

same reason, both stagnation pressure and density must decrease. 

The key parameter mentioned above is the Mach number. If the incoming flow is subsonic or 

supersonic, the Mach number of the duct always tends to decrease downstream. M =1, 

because it is the path along which entropy increases. If the pressure and density are The 

equations (V.10 to V.14) and the entropy from equation (V.35) have been calculated, and the 

result can be plotted in figure (V.2) as a function of the Mach number for γ = 1.4. 

 

The maximum entropy occurs at M = 1, as the second law requires that the flow properties in 

the duct continuously approach the sonic point. Since𝑃଴ 𝑎𝑛𝑑 𝜌଴ continuously decrease along 

the duct due to friction losses (non-isentropic), they are not useful as reference properties. 

However, the sonic properties 𝑃∗ , 𝜌∗ , 𝑇∗ , 𝑃଴
∗ 𝑎𝑛𝑑  𝜌଴

∗,  serve as the appropriate constant 

reference quantities in adiabatic flow within ducts. The theory then calculates the ratios 

𝑃 𝑃∗⁄  ,  𝑇 𝑇∗⁄  etc, as a function of the local Mach number and the integrated friction effect. 

V.3 Coefficient of friction and entropy variation                                      

To derive practical formulas, we first address equation (V.14), which connects the Mach 

number to friction. We will separate the variables and integrate: 

 ∫ 𝜆
௅∗

଴

ௗ௫

஽
= ∫

ଵିெమ

ఊெర ቂଵା
భ

మ
൫ఊିଵ ൯ெమቃ

ଵ,଴

ெమ 𝑑𝑀ଶ    (V.15) 

The upper limit is the sonic point, whether it is actually reached or not in the flow of the 

conduit. The lower limit is arbitrarily set at the position x = 0, where the Mach number is M. 

The result of the integration is 
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 ఒഥ௅∗

஽
=

ଵିெమ

ఊெమ +
ఊାଵ

ଶఊ
𝑙𝑛

൫ఊାଵ ൯ெమ

ଶା൫ఊିଵ ൯ெమ   (V.16) 

 

Where 𝜆 represents the average value of the friction coefficient between 0 and 𝐿∗. In practice, 

a mean λ is always assumed, and no effort is made to account for the slight variations in the 

Reynolds number along the pipe. For non-circular pipes, D is substituted with the hydraulic 

diameter. 𝐷௛ = (4 × 𝑠𝑒𝑐𝑡𝑖𝑜𝑛)/𝑝é𝑟𝑖𝑚è𝑡𝑟𝑒 . 

 

 

The equation (V.17) is tabulated based on the Mach number. The length L* represents the 

required duct length to establish a flow in the duct transitioning from the Mach number M to 

the sonic point. Numerous issues involve short ducts that never reach sonic conditions, for 

which the solution utilizes the differences in the 'maximum' lengths, or sonic values, that are 

tabulated. For instance, the length ΔL required to develop from M1 to M2 is provided by 

 
𝜆̅

∆𝐿

𝐷
= ቆ

𝜆𝐿∗തതതത

𝐷
ቇ

ଵ

− ቆ
𝜆𝐿∗തതതത

𝐷
ቇ

ଶ

  (V.17) 

This eliminates the necessity for separate tabs for short conduits. 

It is advisable that the friction coefficient 𝜆̅ be estimated from the Moody diagram based on 

the average Reynolds number and the ratio of the conduit’s wall roughness. 

Example 1: 

 

A subsonic airflow flows through an adiabatic duct with a diameter of 2cm. The average 

friction coefficient is 0.024. What is the required length of the duct to accelerate the fluid flow 
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from M1 = 0.1 to M2 = 0.5? Additionally, what is the extra length needed to further accelerate 

it to M3 = 1.0?  

 assume  γ =1.4 

Solution : 

The equation (V.17) is applicable, using the values of 
ఒഥ௅∗

஽
 calculated from equation (V.16) 

𝜆̅
∆𝐿

𝐷
=

0.024∆𝐿

0.02
= ቆ

𝜆𝐿∗തതതത

𝐷
ቇ

ெୀ଴.ଵ

− ቆ
𝜆𝐿∗തതതത

𝐷
ቇ

ெୀ଴.ହ

 

                      =66.9216-1.0691=65.8525 

Thus                                 ∆𝐿 =
଺ହ.଼ହଶହ

଴.଴ଶସ
= 55𝑚 

 

These calculations are typical: It takes 55 meters to accelerate to M = 0.5 and then only an 

additional 0.9 meters to fully reach the sonic point. 

The formulas for other flow properties along the conduit can be derived from equations (V.I0 

to V.14). Equation (V.15) can be used to eliminate 𝜆 𝑑𝑥/𝐷. 

The complementary length ∆𝐿ᇱrequired to transition from M = 0.5 to M = 1.0 is taken directly 

from table (II). 

𝜆
∆𝐿ᇱ

𝐷
= ൬

𝜆𝐿∗

𝐷
൰

ெୀ଴.ହ
= 1.0691 

∆𝐿ᇱ = 𝐿∗
ெୀ଴.ହ =

1.0691(0.02)

0.024
= 0.9𝑚 

 

These calculations are typical: It takes 55m to accelerate to M = 0.5 and then only an 

additional 0.9 m to fully reach the sonic point. 

The formulas for other flow properties along the conduit can be derived from equations (V.10 

to V.14). Equation (V.15) can be used to eliminate λ dx/D from each of the other relations, 

given, for instance, dP /P as a function solely of M et dM2 /M2. For convenience in tabulating 

the results, each expression is then fully integrated from (P, M) to the sonic point (P*, 1.0). 

The integrated results are: 

௉

௉∗
=

ଵ

ெ
 ቂ

ఊାଵ

ଶା(ఊିଵ)ெమ
ቃ

ଵ
ଶൗ

  

ఘ

ఘ∗
=

஼

஼∗
=

ଵ

ெ
 ቂ

ଶା(ఊିଵ)ெమ

ఊାଵ
ቃ

ଵ
ଶൗ

  

்

்∗
=

௔మ

௔∗మ
=

ఊାଵ

ଶା(ఊିଵ)ெమ
    



 

 

 

௉బ

௉బ
∗ =

All of these proportions are also tabulated. To 

M2 that are not sonic, the products of these proportions are utilized. 

Since 𝑃∗ is a constant reference value for the flow

 

Example2: 

For the internal flow of example 1, assume that at 

450 K. At section 2, further downstream, 

P02. 

Solution: 

As preliminary information, we can calculate C

𝐶ଵ = 𝑀ଵ𝑎ଵ = 0

𝑃଴ଵ = 𝑃ଵ(1 + 0.2

Join the table now to locate the following reports.

Utilize these proportions to calculate all downstream properties:

 

𝑃ଶ = 𝑃ଵ

𝑇ଶ =

𝐶ଶ =

𝑃଴ଶ = 𝑃଴ଵ
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=
ఘబ

ఘబ
∗ =

ଵ

ெ
 ቂ

ଶା(ఊିଵ)ெమ

ఊାଵ
ቃ

(ଵ ଶ⁄ ) (ఊାଵ)/(ఊିଵ)

  

All of these proportions are also tabulated. To calculate the changes between points M

that are not sonic, the products of these proportions are utilized. For instance

𝑃ଶ

𝑃ଵ

=
𝑃ଶ

𝑃∗

𝑃∗

𝑃ଵ
 

is a constant reference value for the flow. 

For the internal flow of example 1, assume that at M1 = 0.1, we have P1 =

450 K. At section 2, further downstream, M2 = 0.5. Calculate (a) P2, (b) T

As preliminary information, we can calculate C1 and P01 from the given data:

0.1[(1.4)(287)(450)]ଵ ଶ⁄ = 0.1(425) = 42.5

2𝑀ଵ
ଶ)ଷ.ହ = (600. 10ଷ)[1 + 0.2(0.1)ଶ]ଷ.ହ = 604

oin the table now to locate the following reports.

Utilize these proportions to calculate all downstream properties: 

 
𝑃ଶ 𝑃∗⁄

𝑃ଵ 𝑃∗⁄
= (600. 10ଷ)

2.1381

10.9435
= 117𝑘𝑃𝑎 

= 𝑇ଵ  
𝑇ଶ 𝑇⁄

𝑇ଵ 𝑇∗⁄
= (450)

1.1429

1.1976
= 429𝑘 

𝐶 
𝐶ଶ 𝐶∗⁄

𝐶ଵ 𝐶∗⁄
= (42.5)

0.5345

0.1094
= 208𝑚/𝑠 

଴ଵ  
𝑃଴ଶ 𝑃଴

∗⁄

𝑃଴ଵ 𝑃଴
∗⁄

= (604. 10ଷ)
1.3399

5.8218
= 139𝑘𝑃𝑎 

calculate the changes between points M1 and 

For instance, 

= 600kPa and T1 = 

T2 , (c) C 2, and (d) 

from the given data: 

5𝑚/𝑠 

604𝑘𝑃𝑎 



 

 

59 

 

Part 2: Compressible Flow in Pipes with Heat Transfer and No Friction 

(RAYLEIGH Theory) 

V-1 Analysis of Rayleigh flow and fundamental equations 

The addition or removal of heat has a notable effect on a compressible flow. Here, we restrict 

the analysis to the flow with heat transfer without friction in a conduit of constant cross-

section. 

 

Figure V.2 : Elementary control volume for a frictionless flow in a constant cross-section pipe 

with heat transfer. 

 

The length of this element is indeterminate in this theory. 

Consider the elementary control volume of the conduit in figure (V.1). Between sections 1 

and 2, a quantity of heat δQ is added (or removed) to each elemental mass δm passing 

through. In the absence of friction or changes in section, the conservation relationships for the 

control volume are quite straightforward: 

Continuity : 𝜌ଵ𝐶ଵ = 𝜌ଶ𝐶ଶ = 𝐺 = 𝑐𝑜𝑛𝑠𝑡     (V.18) 

 

Quantity of motion with respect to x: 

 

𝜌ଵ𝐶 = 𝜌ଶ𝐶ଶ = 𝐺 = 𝑐𝑜𝑛𝑠𝑡    
 (V.19) 

 𝑃ଵ − 𝑃ଶ = 𝐺(𝐶ଶ − 𝐶ଵ)    
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Energy : 
𝑄̇ = 𝑚̇ ൬ℎଶ +

1

2
𝑉ଶ

ଶ − ℎଵ −
1

2
𝑉ଵ

ଶ൰  (V.20) 

Where 𝑞 =
ொ̇

௠̇
=

ఋொ

ఋ௠
= ℎ଴ଶ − ℎ଴ଵ  (V.21) 

 

The transfer of heat results in a change in the stagnation enthalpy of the flow. We will not 

specify exactly how the heat is transferred (whether through combustion, nuclear reaction, 

evaporation, condensation, or wall heat exchange), but we will simply state that it occurred in 

the quantity Q between 1 and 2. However, we note that this wall heat exchange is not a 

suitable candidate for the theory because wall convection is inevitably associated with wall 

friction, which we have overlooked. 

To complete the analysis, we utilize the ideal gas relations and the Mach number. 

 

 

𝑃ଶ

𝜌ଶ𝑇ଶ
=

𝑃ଵ

𝜌ଵ𝑇ଵ
                   ℎ଴ଶ − ℎ଴ଵ = 𝑐𝑝 (𝑇଴ଶ − 𝑇଴ଵ)   

𝐶ଶ

𝐶ଵ
=

𝑀ଶ𝑎ଶ

𝑀ଵ𝑎ଵ
=

𝑀ଶ

𝑀ଵ
൬

𝑇ଶ

𝑇ଵ
൰

ଵ ଶ⁄

⎭
⎪
⎬

⎪
⎫

        (V.22) 

For a given amount of transferred heat q =δQ /δ M or, for a specified variation  ℎ଴ଶ − ℎ଴ଵ, 

equations (V.18) and (V.19) can be solved algebraically to determine the ratios of properties 

P2 / P1, M2 / M1, etc., between the inlet and the outlet. It is important to note that because heat 

transfer allows entropy to either increase or decrease, the second law of thermodynamics does 

not impose any restrictions on these solutions. 

 

Before discussing these functions of property ratios, we illustrate the effect of heat transfer in 

figure (V.19), which depicts T0 and T as a function of the Mach number in the duct. Heating 

raises T0 while cooling lowers it. The maximum possible value of T0 occurs at M =1.0, and 

we observe that heating, whether the inlet is subsonic or supersonic, drives the Mach number 

of the duct towards unity. This is analogous to the effect of friction discussed in the previous 

chapter. The temperature of the ideal gas increases from M = 0 to M =1/γ 1/2  and then 

decreases. Thus, there exists a peculiarity or an unexpected region where heating (with T0 

increasing) actually reduces the temperature of the gas, the difference being reflected in a 

significant increase in the kinetic energy of the gas. For γ = 1.4, this particular region is found 

between M = 0.845 and M = 1.0 (interesting information, but not very useful) 
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Figure V.3 The impact of heat transfer on the Mach number. 

 

The complete list of the effects of a simple change in T0 on the internal flow properties of the 

pipeline is as follows: 

 

    : Increase until 𝑀 = 1/𝛾ଵ/ଶ and then decrease. 

    : Decrease until 𝑀 = 1/𝛾ଵ/ଶ and then decrease. 

The most significant item on this list is likely the stagnation pressure P0, which consistently 

decreases during heating when the flow is subsonic or supersonic. Therefore, heating 

increases the Mach number of a flow, but results in a loss of effective pressure. 

V.2 Variation of flow characteristics as a function of the Mach number 

The equations (V.18) and (V.19) can be rearranged in terms of the Mach number, and the 

results are tabulated. For convenience, we specify the output section as sonic, M=1, with 
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reference properties 𝑇଴
∗, 𝑇∗, 𝑃∗, 𝜌∗, 𝑉∗ 𝑎𝑛𝑑  𝑃଴

∗. The input is assumed to be at an arbitrary 

Mach number M. The equations (V.18) and (V.19) then take the following form: 

 

 𝑇଴

𝑇଴
∗ =

(𝛾 + 1 )𝑀ଶൣ2 + (𝛾 − 1 )𝑀ଶ൧

(1 + 𝛾𝑀ଶ)ଶ
  (V.23) 

 𝑇

𝑇∗ =
(𝛾 + 1 )ଶ𝑀ଶ

(1 + 𝛾𝑀ଶ)ଶ
 (V.24) 

 𝑃

𝑃∗ =
𝛾 + 1

1 + 𝛾𝑀ଶ
 (V.25) 

 𝐶

𝐶∗ =
𝜌∗

𝜌
=

(𝛾 + 1 ) 𝑀ଶ

1 + 𝛾𝑀ଶ
 (V.26) 

 𝑃଴

𝑃଴
∗ =

𝛾 + 1

1 + 𝛾𝑀ଶ
ቈ
2 + (𝛾 − 1)𝑀ଶ

𝛾 + 1
቉

ఊ (ఊିଵ)⁄

 (V.27) 

 

These formulas are all tabulated according to the Mach number in table (III). The tables are 

quite convenient when input properties such as M 1, V1, etc., are provided; however, they 

become somewhat cumbersome when the information pertains to T01 and T02. Below is an 

example that illustrates this. 

 

V.3 Variation of entropy 

Entropy, a measure of disorder or randomness in a system, plays a significant role in Rayleigh 

Flow. In an adiabatic process, where no heat is exchanged with the surroundings, the entropy 

of a perfect gas remains constant. However, in Rayleigh Flow, the addition or removal of heat 

alters the entropy. This change can be quantified using the formula: 

 𝚫𝒔 = 𝑪𝑷 𝒍𝒏 ൬
𝑻𝟐

𝑻𝟏
൰ − 𝒓𝒍𝒏(

𝑷𝟐

𝑷𝟏
) 

(V.28) 

 

 

PART3 : Flow with friction and heat exchange. 

 

This section  discusses heat transfer and skin friction in turbulent pipe flow with variable 

physical properties. The constant properties solution has been considered only so far as is 

necessary for the flow and heat transfer analysis with variable physical properties. 
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So far we have examined (1-d) isentropic flows with area change 

1. Isentropic 

2. reversible (e.g., no friction): Ps=0 

3. adiabatic (no heat addition or loss): Q=0  

Mach Number Equation 

Combine conservation, state equations–can  

Algebraically show 

 

𝑑𝑀ଶ

𝑀ଶ
=

1 +
𝛾 − 1

2
𝑀ଶ

1 − 𝑀ଶ
൞

𝜹𝒒

𝑪𝒑 𝑻𝟎ᇣᇤᇥ
𝑯𝑬𝑨𝑻 𝑻𝑹𝑨𝑵𝑺𝑭𝑬𝑹

(1 + 𝛾 𝑀ଶ) + 𝛾𝑀ଶ
𝝀𝒅𝒙

𝑫ถ
𝑭𝑹𝑰𝑪𝑻𝑰𝑶𝑵

− 2
𝑑𝐴

𝐴
ൢ 

 

So we have three ways to change M of flow 

Area change (𝑑𝐴): previously studied 

Friction: 𝝀> 0, same effect as 𝑑𝐴 

Heat transfer:heating, δq>0, like (−𝑑𝐴) cooling,δq< 0 

Exercises with solutions 

EXERCISES RELATED TO CHAPTER I 

Exercise 01 

What is the Mach number of an aircraft flying at sea level at 0°C at a speed of: 

a) 1440km/h ? 

b) 900km/h ?. 

Response : 

a)331.19m/s ; M=1.2 ; b) M=0.75 

Exercise 02 

A military aircraft can fly at Mach 2. What is its speed in kilometers per hour if it is flying at 

sea level at 0°C? 

Response : 

C=2384.7km/h 
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Exercise 03 

Imagine that you visit a world where the atmosphere is composed of hydrogen. Your 

spacecraft can travel at Mach 20 on Earth, as evidenced by a sound measured at 5°C. On this 

new planet, what is your Mach number if the speed of sound in hydrogen is 1267 m/s? 

Response : 

M=5.27 

Exercise 04 

An aircraft is flying at a Mach number of M= 0.95 and at an altitude where the atmospheric 

pressure is Patm = 0,2332 bar and the density ρ = 0,349 Kg/m3. 

1) Calculate the speed of the airplane in km/h. 

2) Calculate the pressure and temperature at the stagnation point on the leading edge of the 

wing. 

The air is considered to be an ideal gas: γ = 1,4 et r = 287 J/kg.K 

Solution : 

1) 𝑉 = 𝑀. 𝑎 = 𝑀. ට 
ఊ ௉

ఘ
    A.N : 𝑉 =

ଶଽ଴,ହ଺ ௠

௦
=

ଵ଴ସ଺,଴ଶ ௞௠

௛
 

2) 𝑃଴ = ቀ1 +
ఊିଵ

ଶ
 𝑀ଶቁ

ఊ
ఊିଵൗ

 . 𝑃      

A.N:  𝑃଴ = ቀ1 +
ଵ.ସିଵ

ଶ
 (0,95)ଶቁ

ଵ.ସ
ଵ.ସିଵൗ

 .  0,2332 = 0,416 𝐵𝑎𝑟  

𝑇଴ = ቀ1 +
ఊିଵ

ଶ
 𝑀ଶቁ . 𝑇    

 Or    𝑟. 𝑇 =
௉

ఘ
      (air  considéré gaz parfait) ⇒ 𝑇 =  

௉

ఘ௥
 

                                                                            ⇒ 𝑇 =  
଴,ଶଷଷଶ

(ଶ଼଻).(଴,ଷସଽ)
=232,82K 

𝑇଴ = ൬1 +
1.4 − 1

2
 0,95ଶ൰ . (232,82) = 4168.05𝑃𝑎 

Exercise 05 

A celestial body in free fall, slowed down by the layers of air in the upper atmosphere, 

descends to Earth. At an altitude of 10 km : 

 the speed of the body V=3000m/s, the air temperature T=223k the density of air 

ρ=0,412kg /m3, the pressure of air P=0,265 bar we provide. γ = 1,4. 

Requested work: 

1) Calculate the speed of sound a. 
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2) Determine the Mach number M. 

3) What is the nature of the airflow around the body? 

4) Apply Saint-Venant's theorem to calculate the temperature T0 and the pressure P0 of the 

air at the stagnation point. 

Solution  

1) 1) Speed of sound: 𝑎 = ට𝛾.
௉

ఘ
  A.N :  𝑎 = ට1,4.

ଶ଺ହ଴଴

଴,ସଵଶ
= 300𝑚/𝑠    

2) 2) Density of mass: 𝑀 =
஼

௔
       A.N : 𝑀 =

ଷ଴଴଴

ଷ଴଴
= 10     

3) 𝑀 > 1 Thus, the flow is supersonic.. 

Stagnation Temperature 𝑇଴ = ቀ1 +
ఊିଵ

ଶ
 𝑀ଶቁ . 𝑇     

A.N : 𝑇଴ = ቀ1 +
ଵ.ସିଵ

ଶ
 (10)ଶቁ . 223 = 532𝐾    

4) 4) Stagnation pressure : 𝑃଴ = ቀ1 +
ఊିଵ

ଶ
 𝑀ଶቁ

ఊ
ఊିଵൗ

 . 𝑃 

A.N: 𝑃଴ = ቀ1 +
ଵ,ସିଵ

ଶ
 (10)ଶቁ

ଵ.ସ
ଵ.ସିଵൗ

 .26500=11246 Pa 

 

 EXERCISES RELATED TO CHAPTER II 

Exercise1 

The air from a reservoir flows into an adiabatic and frictionless duct. The temperature and 

pressure in the reservoir are T = 400 K and P = 500 kPa. 

Determine M, T, ρ, and V at a section of the duct where P = 430 kPa. 

Solution : 

Mach Number : 

𝑃଴

𝑃௦
= ൬1 +

𝛾 − 1

2
𝑀ௌ

ଶ൰

ఊ
ఊିଵൗ

 

⇒ 𝑀ௌ = ඩ
2

𝛾 − 1
ቌ൬

𝑃଴

𝑃ௌ
൰

ఊିଵ
ఊൗ

− 1ቍ = 0,468 

The temperature T 
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𝑇଴

𝑇
= 1 +

𝛾 − 1

2
𝑀 ଶ ⇒ 𝑇 =

𝑇଴

1 +
𝛾 − 1

2
𝑀 ଶ

 

                                                                          ⇒ 𝑇 = 383,21 𝑘 

Density  𝝆 

 

𝑃

𝜌
= 𝑟 𝑇 ⇒ 𝜌 =

𝑃

𝑟 𝑇
=

430. 10ଷ

(287) (383,21)
= 3,9   𝑘𝑔/𝑚ଷ 

 

The flow velocity C 

𝑀 =
𝐶

𝑎
⇒ 𝐶 = 𝑀 . 𝑎 = 𝑀  . ඥ𝛾 𝑟 𝑇  

Numerical application: 𝐶 = 0,468  ඥ(1,4) (287) (383.21)  = 183,64𝑚/𝑠 

 

𝐶 = 184.64𝑚/𝑠 

 

Exercise 2 

Calculate the stagnation parameters (P0 and T0) for an air flow at speeds of C=50, 100, and 

250 m/s, with the static parameters of the air being: P=0, T=300K. 

Determine the relative deviations between: 

1) The stagnation pressures and the static pressures; 

2) The stagnation temperatures and the static temperatures. 

Response  : 

1) 1.28%, 5.6%, 41%  2 ) 0.33%, 1.68%, 10.37%. 

Exercise3 

The combustion chamber pressure is P0=50.65 x 10^4 Pa and T0=220 K. Determine the 

critical pressure, critical temperature, and critical velocity. 

Solution : 

Calculation of critical pressure, critical temperature, and critical velocity 



 

 

67 

 

𝑃଴

𝑃௖
= ൬

𝛾 + 1

2
൰

ఊ
ఊିଵൗ

⇒ 𝑃஼ =
𝑃଴

ቀ
𝛾 + 1

2
ቁ

ఊ
ఊିଵൗ

  

N.A :  𝑃஼ =
ହ଴,଺ହ  ଵ଴ర

ଵ,ଶయ.ఱ
= 26,75  10ସ𝑃𝑎  

𝑇଴

𝑇௖
=

𝛾 + 1

2
⇒ 𝑇௖ =

2 𝑇଴

𝛾 + 1
 

 

 

N.A :   

𝑇௖ =
(2 ) .  (400)

2,4
= 183.33𝑘 

𝐶௖ = 𝑎௖ =  ඥ𝛾 𝑟 𝑇௖ = ඥ(1,4)(287)(333,34) = 271.40𝑚/𝑠  

 

Exercise 4 

A reservoir contains compressed air at a pressure of P0 = 4 bar, which is assumed to be the 

stagnation pressure at the initial state. The opening of a valve in this reservoir causes the air to 

expand outward in the form of a jet with a diameter of d = 5 mm. 

The external parameters of the air jet at the final state are: 

- Pressure P = 1 bar, 

- Temperature T = 25°C, 

Given γ = 1.4 and r = 287 J/Kg.K. 

1) Calculate the sound velocity "a" outside the reservoir in (m/s). 

2) Determine the density ρ of the air outside the reservoir in (kg/m3). 

(Assuming that air behaves as an ideal gas) 

3) Write the Saint-Venant equation in terms of the pressure ratio between a stagnation point 

and a point on the air jet. 

4) From this, deduce the Mach number M at the level of the air jet. 

5) What is the nature of the flow? 

6) Calculate the flow velocity C of the air jet in (m/s). 

7) From this, deduce the mass flow rate 𝑚̇ (kg/s). 

Solution : 
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1) 1) Sound velocity: 𝑎 = ඥ𝛾. 𝑟. 𝑇  A.N :  𝑎 = ඥ(1,4). (287). (298) = 346𝑚/𝑠    

2) Density : 𝜌 =
௉

௥.்
       A.N : 𝜌 =

ଵ଴ఱ

ଶ଼଻.ଶଽ଼
= 1,169 𝐾𝑔/𝑚ଷ     

3) Saint- venant equation:   1 +
ఊିଵ

ଶ
 𝑀ଶ = ቀ

௉బ

௉
ቁ

ఊିଵ ఊ⁄

    

4) Mach Number : 𝑀 =  ඨ
ଶ

ఊିଵ
൤ቀ

௉బ

௉
ቁ

ఊିଵ ఊ⁄

− 1൨ = 1,558     

5)  𝑀 > 1 therefore, the flow is supersonic.    

6) Velocity : C= M. a  A.N : C=(1,558)(346)=306 m/s 

7) Mass flow rate: 𝑚̇ = 𝜌. 𝐴. 𝐶 = 𝜌.
గ.ௗమ

ସ
. 𝐶   

N.A : 𝑚̇ = 1,169.
గ.(଴,଴଴ହ)మ

ସ
. 306 =

଴.଴ଵଶଷ௞௚

௦
 

Exercise 5  

Compressed air from a large reservoir escapes to the outside through an orifice at a Mach 

number of M=0.77. The expansion occurs in the atmosphere where the pressure is 

P=Patm=1.013 bar. 

The ratio of specific heats is given as: γ =1.4 and r=287 J/Kg.K. 

Required work: 

1) By applying the Saint-Venant equation, determine the pressure P0 (in bar) inside the 

reservoir. 

2) From what pressure P0 does the flow become supersonic. 

Solution : 

1) Saint-Venant equation : 1 +
ఊିଵ

ଶ
 𝑀ଶ = ቀ

௉బ

௉
ቁ

ఊିଵ ఊ⁄

  therefore 

𝑃଴ = ቀ1 +
ఊିଵ

ଶ
 𝑀ଶቁ

ఊ
ఊିଵൗ

 . 𝑃  

N.A : 𝑃଴ = ቀ1 +
ଵ.ସିଵ

ଶ
 (0,77)ଶቁ

ଵ.ସ
ଵ.ସିଵൗ

 .1,014. 10ହ = 150097,21 𝑃𝑎 = 1,5 𝐵𝑎𝑟 

 

2) 𝑀 > 1 ⇒ 𝑃௜ > 𝑃. ቀ
ఊାଵ

ଶ
ቁ

ቀ
ം

ംషభ
ቁ

 

N.A : 𝑃௜ > 1,014. 10ହ. ቀ
ଵ,ସାଵ

ଶ
ቁ

ቀ
భ,ర

భ,రషభ
ቁ

= 191943𝑃𝑎 ≈ 2 𝐵𝑎𝑟 

EXERCISES RELATED TO CHAPTER II-Parte2 

Exercise 1 
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 The air, under a pressure of 10 bar and at a temperature of 27°C, flows through a 

converging nozzle towards a region where the pressure is 6 bar. Calculate the parameters of 

the air at the exit section and the mass flow rate, given that the exit diameter is 20 mm. 

Solution : 

 

𝑃଴

𝑃
= ൬1 +

𝛾 − 1

2
𝑀ଶ൰

ఊ
ఊିଵൗ

 

𝑃଴

𝑃
=

10

6
= 1,66 < 1,89 

Therefore, it can be stated that in this output section, the critical conditions are not met 

because 

𝑃଴

𝑃
< 1,89 

 

𝑇ௌ

𝑇଴
= ൬

𝑃௦

𝑃଴
൰

ఊିଵ
ఊൗ

⇒ 𝑇ௌ = 𝑇଴. ൬
𝑃௦

𝑃଴
൰

ఊିଵ
ఊൗ

 

⇒ 𝑇ௌ = 300. ൬
6

10
൰

଴,ସ
ଵ,ସൗ

= 259,26𝐾 

𝜌ௌ

𝜌଴
= ൬

𝑇௦

𝑇଴
൰

ଵ
ఊିଵൗ

⇒ 𝜌ௌ = 𝜌଴. ൬
𝑇௦

𝑇଴
൰

ଵ
ఊିଵൗ

 

 

𝑃଴

𝜌଴
= 𝑟 𝑇଴ ⇒ 𝜌଴ =

𝑃଴

𝑟 𝑇଴
=

10. 10ହ

(287). (300)
= 11,6   𝑘𝑔/𝑚ଷ 

N.A: 𝜌ௌ = 11,6. ቀ
ଶହଽ,ଶ଺

ଷ଴଴
ቁ

ଵ
଴.ସൗ

 

 

𝜌ௌ = 8,063 𝑘𝑔/𝑚ଷ 

 

Calculation of velocity  CS: 
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𝑇଴

𝑇ௌ
= 1 +

𝛾 − 1

2
𝑀ௌ

ଶ ⇒ 𝑀ௌ = ඨ
2

𝛾 − 1
൬

𝑇଴

𝑇ௌ
− 1൰ 

A.N: 𝑀ௌ = ට
ଶ

଴,ସ
ቀ

ଷ଴଴

ଶହଽ,ଶ଺
− 1ቁ = 0,886 

𝑀ௌ = 0,886 

 

𝑀ௌ =
𝐶ௌ

𝑎ௌ
⇒ 𝐶ௌ = 𝑀ௌ. 𝑎ௌ = 𝑀ௌ  . ඥ𝛾 𝑟 𝑇௦ 

A.N: 𝐶ௌ = 0,886  ඥ(1,4)  (287) (259,26)  = 285,96 𝑚/𝑠 

 

𝐶ௌ = 285,96 𝑚/𝑠 

 

 

Calculation of mass flow rate at the outlet: 

𝑚௦̇ = 𝜌ௌ. 𝐶ௌ. 𝐴ௌ = (8,063 )  (285,96)  (3,14  10ିସ) = 0,72 𝑘𝑔/𝑠 

 

𝑚௦̇ = 0,72 𝑘𝑔/𝑠 

Exercise 2 

 We consider a converging-diverging nozzle where the section at point 1, upstream of 

the throat, has the following characteristics: area A1 = 13.4 cm²; p1 = 2 bar; T1 = 30°C; and  

C1 = 174.77 m/s. 

a/ Determine the speed a1 of sound at section 1. 

b/ Determine the pressure and temperature at the generating conditions. 

c/ What should be the area of the section at the throat for the nozzle to be initiated? What 

should be the maximum value of the downstream pressure for the nozzle to be suitable if the 

exit section is AS = 15.51 cm²? Given: r = 287 J/(kg·K) and   =1,4. 

Solution : 

a-Calculation of sonic velocity 𝒂𝟏 

𝑎ଵ = ඥ𝛾 𝑟 𝑇ଵ=ඥ(1,4)( 287)(303) = 348,92𝑚/𝑠 

b- Calculation of 𝑃଴  ,  𝑇଴ 
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𝑀ଵ =
𝐶ଵ

𝑎ଵ
=

174,77

348,92
= 0,5 

𝑃଴

𝑃ଵ
= ൬1 +

𝛾 − 1

2
𝑀ଶ൰

ఊ
ఊିଵൗ

⇒ 𝑃଴ = 𝑃ଵ  ൬1 +
𝛾 − 1

2
𝑀ଶ൰

ఊ
ఊିଵൗ

 

 
⇒ 𝑃଴ = 2. 10ହ  ൬1 +

0,4

2
(0,5)ଶ൰

ଵ.ସ
଴.ସൗ

 

                                                        𝑃଴ = 2,372. 10ହ 𝑃𝑎 = 2,372𝑏𝑎𝑟     

 

𝑇଴

𝑇ଵ
= ൬

𝑃଴

𝑃ଵ
൰

ఊିଵ
ఊൗ

⇒ 𝑇଴ = 𝑇ଵ. ൬
𝑃଴

𝑃ଵ
൰

ఊିଵ
ఊൗ

 

⇒ 𝑇଴ = 303. ൬
2.372

2
൰

଴.ସ
ଵ.ସൗ

= 318.15𝐾 

c- The critical section 𝐴஼  

𝐴ଵ

𝐴௖
=

1

𝑀ଵ
. ൤

2

𝛾 + 1
൬1 +

𝛾 − 1

2
𝑀ଵ

ଶ൰൨

ఊାଵ
ଶ(ఊିଵ)ൗ

 

 

𝐴௖ =
𝐴ଵ

1
𝑀ଵ

. ቂ
2

𝛾 + 1
ቀ1 +

𝛾 − 1
2

𝑀ଵ
ଶቁቃ

ఊାଵ
ଶ(ఊିଵ)ൗ

 

𝐴௖ =
13,4     10ିସ

1
0,5

. ቂ
2

2,4
൫1 + 0,2 (0,5)ଶ ൯ቃ

ଷ = 10  10ିସ 𝑚ଶ = 10 𝑐𝑚ଶ 

In order for the nozzle to be initiated, it is necessary for Ac to equal 10 cm2 

 

d) The outlet section As 

𝐴௦

𝐴௖
=

15,51

10
= 1,551 

According to the table, this report corresponds to a Mach number equal to  𝑀௦ = 1,9 

Therefore: 

𝑃଴

𝑃௦
= ൬1 +

𝛾 − 1

2
𝑀ௌ

ଶ൰

ఊ
ఊିଵൗ

 

𝑃௦ =
𝑃଴

ቀ1 +
𝛾 − 1

2
𝑀ௌ

ଶቁ

ఊ
ఊିଵൗ
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N.A : 𝑃௦ = 0,353  10ହ 𝑃𝑎 = 0,353 𝑏𝑎𝑟  or according to the table 
௉ೞ

௉೎
= 0,1490 ⇒ 𝑃௦ =

(0,1490). 𝑃଴ = 0,353 𝑏𝑎𝑟 

 

Exercise 3 

 A Laval insulated nozzle is suitable for the pressure ratio P/Pi = 0.149. The flowing 

gas is air (r = 287 J/(kg·K) and γ = 1.405). Calculate: 

 a/ The diameter of its throat if the exit section area is As = 7.07 cm²; 

 b/ The mass flow rate under the following generating conditions: P0 = 10 bar and T0 = 

450 K; 

 c/ The upper limit pressure PLS required for the nozzle to be primed. 

Solution : 

 

Calculation of the critical section 𝑨𝒄 

𝑃௦

𝑃௖
= 0,1490 

𝑃଴

𝑃௦
= ൬1 +

𝛾 − 1

2
𝑀ௌ

ଶ൰

ఊ
ఊିଵൗ

=
1

0,149
 

 

 

 

𝑀ௌ = ඩ
2

𝛾 − 1
ቌ൬

𝑃଴

𝑃ௌ
൰

ఊିଵ
ఊൗ

− 1ቍ = 1,898 ≃ 1,9 

𝑀ௌ = 1,9 

 

𝐴௦

𝐴௖
=

1

𝑀௦
. ൤

2

𝛾 + 1
൬1 +

𝛾 − 1

2
𝑀௦

ଶ൰൨

ఊାଵ
ଶ(ఊିଵ)ൗ

 

 

𝐴௖ =
𝐴௦

1
𝑀௦

. ቂ
2

𝛾 + 1
ቀ1 +

𝛾 − 1
2

𝑀௦
ଶቁቃ

ఊାଵ
ଶ(ఊିଵ)ൗ

 

𝐴௖ = 4,55  10ିସ𝑚ଶ  
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Calculation of mass flow rate at the outlet: 

𝑚௦̇ = 𝜌ௌ. 𝐶ௌ. 𝐴ௌ 

Calculation of 𝐶ௌ 

 

𝑀ௌ =
𝐶ௌ

𝑎ௌ
⇒ 𝐶ௌ = 𝑀ௌ. 𝑎ௌ = 𝑀ௌ  . ඥ𝛾 𝑟 𝑇௦ 

 

 

𝑇ௌ

𝑇଴
= ൬

𝑃௦

𝑃଴
൰

ఊିଵ
ఊൗ

⇒ 𝑇ௌ = 𝑇଴. ൬
𝑃௦

𝑃଴
൰

ఊିଵ
ఊൗ

 

⇒ 𝑇ௌ = (450). (0,149)
଴.ସ

ଵ.ସൗ = 261,56𝐾 

 

𝐶ௌ = 615,9𝑚/𝑠 

 

𝑃௦

𝜌௦
= 𝑟 𝑇௦ ⇒ 𝜌௦ =

𝑃௦

𝑟 𝑇௦
=

(0,149). (10 . 10ହ)

(287). (261,56)
= 1,98  𝑘𝑔/𝑚ଷ 

N.A: 𝜌ௌ = 1,98𝑘𝑔/𝑚ଷ 

𝑚௦̇ = 𝜌ௌ. 𝐶ௌ. 𝐴ௌ = 0,862 𝑘𝑔/𝑠 

 

PLS=Pc 

 

𝑃௖

𝑃଴
= 0,528 ⇒ 𝑃௖ = 0,528 . 𝑃଴ = 5,28 𝐵𝑎𝑟  

 

 Exercise 5 

 A convergent-divergent insulated nozzle has a ratio of 2 between the area of the exit 

section As and the area of the throat section AC. The air enters the nozzle at a stagnation 

pressure P0 = 10 bar and a stagnation temperature T0 = 360 K. The area of the throat section is 

AC = 500 mm2. Determine: 

The mass flow rate, pressure, temperature, Mach number, and velocity at the exit of the 

nozzle in the following two cases: 

a/ The velocity at the throat is sonic and the divergent section functions as a nozzle; 

b/ The velocity at the throat is sonic and the divergent section functions as a diffuser.  
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Solution : 

a) Divergent nozzle case 

𝐴௦

𝐴௖
= 2 

Verify the line 
஺ೞ

஺೎
= 2 The table's supersonic section is due to the flow regime within the 

divergent nozzle being supersonic. This leads to : 

 

஺ೞ

஺೎
= 1,997      ೞ்

బ்
=0,505      𝑀௦ = 2,2     

௉ೞ

௉బ
= 0,0934 

                                  →
஺ೞ

஺೎
= 2                                     𝑀௦ =? 

஺ೞ

஺೎
= 2,392      ೞ்

బ்
= 0,4616   𝑀௦ = 2,4    

௉ೞ

௉బ
= 0,0684 

 

2 − 1,997

𝑀௦ − 2,2
=

2,392 − 1,997

2,4 − 2,2
 

 

𝑀௦ = 2,201 

 

𝑇଴

𝑇ௌ
= 1 +

𝛾 − 1

2
𝑀ௌ

ଶ ⇒ 𝑇ௌ =
𝑇଴

1 +
𝛾 − 1

2
𝑀ௌ

ଶ
 

                                                                          ⇒ 𝑇ௌ = 182,845𝑘  

 

𝑃ௌ

𝑃଴
= ൬

𝑇௦

𝑇
൰

ఊ
ఊିଵൗ

⇒ 𝑃ௌ = 𝑃଴. ൬
𝑇௦

𝑇
൰

ఊ
ఊିଵൗ

 

                                                                                                                           

                                                                ⇒ 𝑃ௌ = 0,933bar         

𝜌ௌ

𝜌଴
= ൬

𝑇௦

𝑇
൰

ଵ
ఊିଵൗ

⇒ 𝜌ௌ = 𝜌଴. ൬
𝑇௦

𝑇
൰

ଵ
ఊିଵൗ

 

                                                                     ⇒ 𝜌ௌ =   9,67𝑘𝑔/𝑚ଷ  

Calculation of 𝑪𝑺 

 

𝑀ௌ =
𝐶ௌ

𝑎ௌ
⇒ 𝐶ௌ = 𝑀ௌ. 𝑎ௌ = 𝑀ௌ  . ඥ𝛾 𝑟 𝑇௦ 
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⇒ 𝐶ௌ = 596,57𝑚/𝑠 

Calculation of mass flow rate 

 

𝑚௦̇ = 𝜌ௌ. 𝐶ௌ. 𝐴ௌ = 1,061 𝑘𝑔/𝑠 

b) The canalization acts as a diffuser. 

𝐴௦

𝐴௖
= 2 

Verify the line 
஺ೞ

஺೎
= 2 the subsonic part of the table is due to the flow regime in the divergent 

diffuser being subsonic. It is derived from: 

 

஺ೞ

஺೎
= 2,097           𝑀௦ = 0,29      

                                  →
஺ೞ

஺೎
= 2                                     𝑀௦ =? 

஺ೞ

஺೎
= 2,034         𝑀௦ = 0,30     

 

2 − 2,097

𝑀௦ − 0,29
=

2,034 − 2,097

0,3 − 0,29
 

 

𝑀௦ = 0,305 

 

𝑇଴

𝑇ௌ
= 1 +

𝛾 − 1

2
𝑀ௌ

ଶ ⇒ 𝑇ௌ =
𝑇଴

1 +
𝛾 − 1

2
𝑀ௌ

ଶ
 

                                                                          ⇒ 𝑇ௌ = 353,4𝑘 

 

𝑃ௌ

𝑃଴
= ൬

𝑇௦

𝑇
൰

ఊ
ఊିଵൗ

⇒ 𝑃ௌ = 𝑃଴. ൬
𝑇௦

𝑇
൰

ఊ
ఊିଵൗ

 

                                                                                                                           

                                                                        ⇒ 𝑃ௌ = 9,374 bar         

𝑃௦

𝜌௦
= 𝑟 𝑇௦ ⇒ 𝜌௦ =

𝑃௦

𝑟 𝑇௦
 

                                                                        ⇒ 𝜌ௌ =   9,241𝑘𝑔/𝑚ଷ 



 

 

 

Calculation of 𝑪𝑺 

 

𝑀ௌ

               

Calculation of mass flow rate

 

 

EXERCISES RELATED TO CHAPTER 

Exercise 1 

The air is supplied through a converging

area ratio.     𝐴ସ 𝐴௧⁄  as illustrated in the following figure

The air coming from a reservoir at a pressure of 

occurs in the divergent nozzle at a section where

number is 1.4.  Determine: 

1) The Mach number downstream of the shock wave

2) The Mach number at the exit

3) The pressure at the exit 

4) The temperature at the exit.

 

Solution 
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ௌ =
𝐶ௌ

𝑎ௌ
⇒ 𝐶ௌ = 𝑀ௌ. 𝑎ௌ = 𝑀ௌ  . ඥ𝛾 𝑟 𝑇௦ 

⇒ 𝐶ௌ = 114,93𝑚/𝑠 

ation of mass flow rate 

𝑚௦̇ = 𝜌ௌ. 𝐶ௌ. 𝐴ௌ = 1,061 𝑘𝑔/𝑠 

EXERCISES RELATED TO CHAPTER III-Part1 

air is supplied through a converging-diverging nozzle, which has a throat with a specific 

as illustrated in the following figure.  

 

The air coming from a reservoir at a pressure of 𝑃 = 2𝑀𝑃𝑎  𝑎𝑛𝑑 𝑇 = 400

occurs in the divergent nozzle at a section where 𝑃଴ଵ = 𝑃଴ଶ = 2𝑀𝑃𝑎  t

1) The Mach number downstream of the shock wave 

2) The Mach number at the exit 

. 

diverging nozzle, which has a throat with a specific 

400𝐾. A normal shock 

the upstream Mach 
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The flow from the reservoir, section 1, is isentropic until the normal shock at section 2, and 

from section 3, just downstream of the normal shock to the exit at section 4. The stagnation 

temperatures remain constant throughout the flow and across the normal shock wave: 

T01=T02=T03=T04=400K. The stagnation pressures do not change in an isentropic flow, 

𝑃଴ଵ = 𝑃଴ଶ = 2𝑀𝑃𝑎  and 𝑃଴ଷ = 𝑃଴ସ, However, the stagnation pressures vary across the shock., 

𝑃଴ଶ > 𝑃଴ଷ. 

Based on the Mach number at section 2 and utilizing isentropic relations, we have: 

𝐴ଶ

𝐴௧

=  
𝐴ଷ

𝐴௧

=  
𝐴ଶ

𝐴௧
∗ =

1

𝑀ଶ
 
(1 + 0.2 𝑀ଶ

ଶ)ଷ

1.728
= 1.115 

 

Normal shock relations can be applied through the shock. Therefore,  

1) 

 

𝑀ଷ = ቈ
(𝛾 − 1)𝑀ଶ + 2

2𝛾𝑀ଶ
ଶ − (𝛾 − 1)

቉

ଵ ଶ⁄

=   ቈ
(0.4)(1.4)ଶ + 2

2(1.4)(1.4)ଶ − (0.4)
቉

ଵ ଶ⁄

   = 0.740 

 

 

2) By continuing the analysis through the shock, one has: 

𝑃଴ସ = 𝑃଴ଷ = 𝑃଴ଶ    ቈ
(𝛾 + 1)𝑀ଶ

ଶ

2 + (𝛾 − 1)𝑀ଶ
ଶ቉

ఊ (ఊିଵ)⁄

 ቈ
𝛾 + 1

2𝛾𝑀ଶ
ଶ − (𝛾 − 1)

቉

ଵ (ఊିଵ)⁄

 

𝑃଴ସ = 𝑃଴ଷ = 2   ቈ
(2.4)(1.4)ଵ.ଶ

2 + (0.4)(1.4)ଶ ቉

ଷ.ହ

 ቈ
2.4

2(1.4)(1.4)ଶ − (0.4)
቉

ଶ.ହ

= 1.92𝑀𝑃𝑎 

𝐴ଷ
∗

𝐴ଶ
∗ =

𝑀ଷ

𝑀ଶ
 ቈ

2 + (𝛾 − 1)𝑀ଶ
ଶ

2 + (𝛾 − 1)𝑀ଷ
ଶ቉

ି(ఊାଵ) ଶ(ఊିଵ)⁄

=
0.74

1.4
  ቈ

2 + (0.4)(1.4)ଶ

2 + (0.4)(0.74)ଶ ቉

ଶ.ସ ଴.଼⁄

       = 1.044 

 

We are aware of the report A
4
/A

t
, The flow remains isentropic between sections 3 and 4. We 

can formulate an expression for the ratio of the area between the outlet section and the throat 

of the nozzle. : 

𝐴ସ

𝐴௧
= 1.6 =

𝐴ସ

𝐴ସ
∗  .

𝐴ସ
∗

𝐴ଷ
∗ .

𝐴ଷ
∗

𝐴ଶ
∗ .

𝐴ଶ
∗

𝐴௧
=

𝐴ସ

𝐴ସ
∗ (1)(1.044)(1.115) 

 

In addressing the issue of solving for
஺ర

஺ర
∗   we obtain

஺ర

஺ర
∗ = 1.374 
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By utilizing the previously developed equation for choked and isentropic flow, we can 

express: 

𝐴ସ

𝐴ସ
∗ = 1.374 =

1

𝑀
ቈ
2 + (𝛾 − 1)𝑀ଶ

𝛾 − 1
቉

(ఊାଵ) ଶ(ఊିଵ)⁄

 

 

 𝑤ℎ𝑒𝑟𝑒                                   1.374 =
1

𝑀ସ
ቈ
2 + (0.4)𝑀ସ

ଶ

0.4
቉

ଷ

 

  

We find: 

𝑀ସ = 0.483 

 

3) En connaissant Ma
4
, nous pouvons continuer en utilisant les relations isentropiques, 

nous trouvons : 

𝑃ସ =
2 𝑃଴ସ

[2 + (𝛾 − 1)𝑀ସ
ଶ]

ఊ
ఊିଵൗ

=
2 × 1.92 × 10଺

ൣ2 + (0.4)(0.483)ଶ ൧
ଷ.ହ = 1.637𝑀𝑃𝑎 

4)  

 

 

𝑇ସ =
2 𝑇଴ସ

[2 + (𝛾 − 1)𝑀ସ
ଶ]

=
2 × 400

ൣ2 + (0.4)(0.483)ଶ ൧
= 382𝐾 

 

Exercise 2 

A converging/diverging nozzle with a throat diameter of dc=1cm draws in air under standard 

atmospheric conditions (101325Pa and 15 °C) with an upstream velocity of zero. The 

diameter of the divergent section of the nozzle increases linearly in the axial direction until 

reaching an exit diameter of 2cm, and the length of the nozzle from its throat to the exit is 10 

cm. 

1) Determine the mass flow rate required for the nozzle to be primed. 

2) Calculate the pressure Pj and the Mach number Mj at the exit of the flow for a suitable jet to 

develop downstream of the nozzle. 

3) Calculate the pressure Pj and the Mach number Mj at the exit of the flow in the scenario 

where a normal shock is present in the nozzle 5cm downstream of the throat.  
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Response:  

1) 𝑚̇ = 0.0187kg/s     2)  𝑃௝ = 3,02𝑘𝑃𝑎, 𝑀௝ = 2,934        3) 𝑃௝ = 35,4𝑘𝑃𝑎, 𝑀௝ = 0,867 

Exercise 3 

We consider a converging-diverging nozzle such that 
ఝೞ

ఝ೎
= 2,605  and 𝜑௖ = 0,1𝑚. It is 

designed to provide a uniform supersonic flow at the outlet for the adaptation (inlet nozzle). The 

generating conditions are then: 𝑃𝑖=10 bars 𝑇𝑖=600K 

 We provide  𝛾=1,4; 𝑟=287 J/kg.K 

 

1) Assuming the nozzle is fully choked, calculate 𝑀𝑠, 𝑃𝑠, and 𝑇𝑠. 

2) What will be the value of the static exit pressure 𝑃𝑠 if a normal shock occurs in the exit plane 

(𝑆)? Then calculate 𝑀𝑠 and 𝑇𝑠 downstream of this shock. 

3) If the shock is positioned at 𝜑௖௛ = 0,155𝑚, Determine the parameters characterizing the flow: 

(𝑀1,P1,𝑇1) before the shock, (𝑀2,𝑃2,𝑇2) after the shock, and (𝑀𝑠,𝑃𝑠,𝑇𝑠) at the exit. 

4) The static pressure at the exit is now 𝑃𝑠=2.588 bars. Provide the diameter of the section where 

the shock occurs, specifying the Mach number, static pressure, and temperature before the shock, 

after the shock, and at the exit.  

EXERCISES RELATED TO CHAPTER III-Part2 

Exercise1 

Consider a flow of the type depicted in the following figure (V.1), where the upstream Mach 

number is M1=2, featuring an oblique wave with an angle 𝛼 = 64°. 
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𝑡𝑔Ψ = 2𝑐𝑡𝑔64° 
1 + 0.2 × 4 × sinଶ 64° − 1

4(1.4 + cos 128°) + 2
= 1.423,                          Ψ = 23° 

The number of downstream Mach is given by  

𝑀ଶ
ଶ𝑠𝑖𝑛ଶ41° =  

1 + 0.2 × 4 × sinଶ 64°

4 × 1.4 + sinଶ 64° + 2
,                          𝑀ଶ = 0.942 

Result approximately corresponding to the minimum of M1 on the curve Ψ=23° in figure 

(V.1) 

𝑃ଶ

𝑃ଵ
=

2.8

2.4
× 4 × sinଶ 64° −

0.4

2.4
= 3.60 

𝑇ଶ

𝑇ଵ
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
=

1 + 0.2 × 4

1 + 0.2 + 0.942ଶ
= 1.528 

If the evolution were isentropic, we would have had 

 

𝑇ଶ

𝑇ଵ
= ൬

𝑃ଶ

𝑃ଵ
൰

(ఊିଵ)
ఊൗ

= 3.6଴.ଶ଼଺ = 1.442 

The isentropic efficiency of this compression is therefore: 

𝜂௦ =

𝑇ଶ௦

𝑇ଵ
− 1

𝑇ଶ

𝑇ଵ
− 1

=
0.442

0.528
= 0.837 

For the straight wave studied previously, we had  𝑀ଵ = 2,   𝑀ଶ = 0.577 

𝑃ଶ

𝑃ଵ
= 4.5,    

𝑇ଶ

𝑇ଵ
=

1 + 0.2 × 4

1 + 0.2 × 0.577ଶ
= 1.688,   

𝑇ଶ௦

𝑇ଵ
= 4.5଴.ଶ଼଺ = 1.537,   𝜂௦ =

0.537

0.688
= 0.78 

 

EXERCISES RELATED TO CHAPTER IV 

Exercise  

An airflow (ideal gas, 𝛾=1.4) passes through a supersonic nozzle. At a certain point on the 

wall, the geometry forms a convex angle of 𝜃=20∘. The Mach number before the expansion is 

M=1.5. 

Questions: 

1. Calculate the value of the Prandtl-Mayer function 𝜈(𝑀) in degrees. 

2. Deduce the value of 𝜈(𝑀2). 

3. Find the final Mach number 𝑀2. 
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4. Calculate the following isentropic ratios: 
௉మ

௉భ
 , మ்

భ்
,

ఘమ

ఘభ
 

Solution  

𝜈 = ඨ
𝛾 + 1

𝛾 − 1
𝑡𝑎𝑛ିଵඨ

𝛾 − 1

𝛾 + 1
(𝑀ଶ − 1) − 𝑡𝑎𝑛ିଵඥ(𝑀ଶ − 1) 

 

𝑣(𝑀ଵ) ≈ 12.10° 

2/  

𝑣(𝑀ଶ) = 𝑣(𝑀ଵ) + 𝜃 = 12.10° + 20° = 32.10° 

3/                                                         𝑀ଶ ≈ 2.25 

4/      

 

 

 

EXERCISES RELATED TO CHAPTER V-Part1 

Issue 

A constant cross-section duct serves as the site for an adiabatic airflow. At the entrance, the 

conditions are 𝑀ଵ = 0.3,  𝑃ଵ =3 Bars, 𝑇ଵ = 300𝐾. 

At the exit, the Mach number is 𝑀ଶ = 0.7. 

1. Examine this flow by comparing direct calculations with the use of Fanno tables? 

2. Calculate the pressure at the outlet? 
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3. Determine the stagnation pressures at both the inlet and outlet? 

4. Calculate the conditions P*, 𝑃଴
∗, T* at the fictitious point where M=1? 

5. Calculate the velocities at the inlet and outlet? 

6. Calculate the length of the pipe if λ=0.04=Cte, D=0.1m? 

Solution 

1) 

𝑇ଶ

𝑇ଵ
=

1 +
𝛾 − 1

2
𝑀ଵ

ଶ

1 +
𝛾 − 1

2
𝑀ଶ

ଶ
=

1.018

1.098
= 0.927 

𝑇ଶ = 300 × 0.927 = 278𝑘 

The reading of Fanno's tables provides: 

For : 

൜
𝑀ଵ = 0.3, 𝑇ଵ 𝑇∗⁄ = 1.178,

𝑀ଶ = 0.7, 𝑇ଶ 𝑇∗⁄ = 1.0929,
   From where 

𝑻𝟐

𝑻𝟏
=

ଵ.଴ଽଶଽ

ଵ.ଵ଻଼଼
= 0.927 

2) Calculation of the output pressure. 

The continuity equation is expressed as: 

𝜌ଵ𝐶ଵ = 𝜌ଶ𝐶ଶ   Ou  
௉భ

௥ భ்
 𝑀ଵ ඥ𝛾 𝑟 𝑇ଵ =

௉మ

௥ మ்
 𝑀ଶ ඥ𝛾 𝑟 𝑇ଶ 

 From where: 

௉భ

௉మ
=

ெమ

ெభ
 ට

భ்

మ்
=

଴.଻

଴.ଷ
 ට

ଵ

଴.ଽଶ଻
= 2.423        𝑃ଶ =

ଷ

ଶ.ସଶଷ
= 1.239𝐵𝑎𝑟 

The reading of Fanno's tables provides: 

⎩
⎪
⎨

⎪
⎧𝑓𝑜𝑟     𝑀ଵ = 0.3       

𝑃ଵ
𝑃∗ൗ = 3.619 

𝑓𝑜𝑟      𝑀ଶ = 0.7       
𝑃ଶ

𝑃∗ൗ = 1.493

 d’où 
௉భ

௉మ
=

ଷ.଺ଵଽ

ଵ.ସଽଷ
= 2.42 

3) Calculation of the stagnation pressures at the inlet and outlet. 

𝑃଴ଵ
𝑃ଵ

൘ = ൬1 +
𝛾 − 1

2
𝑀ଵ

ଶ൰

ఊ
ఊିଵൗ

= 1.018ଷ.ହ = 1.0644 

𝑃଴ଶ
𝑃ଶ

൘ = ൬1 +
𝛾 − 1

2
𝑀ଶ

ଶ൰

ఊ
ఊିଵൗ

= 1.098ଷ.ହ = 1.387 

𝑃଴ଵ = 3.1932 𝐵𝑎𝑟 

𝑃଴ଶ = 1.238 × 1.387 = 1.717 𝐵𝑎𝑟 
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The use of Fanno tables necessitates the prior calculation of conditions 𝑃∗ , 𝑃଴
∗, 𝑇∗   at the 

point of flow where M=1 (a fictitious point in this example). 

3) 3) Calculation of the conditions 𝑃∗ , 𝑃଴
∗, 𝑇∗, at the fictitious point where M=1. 

From the reading of the tables, we derive: 

𝑃∗ =
𝑃ଵ

3.619
=

𝑃ଶ

1.493
= 0.829 𝐵𝑎𝑟 

𝑇∗ =
𝑇ଵ

1.178
=

𝑇ଶ

1.0929
= 254.5𝐾 

The Barré de Saint-Venant theorem provides 

𝑃଴
∗

𝑃∗ൗ = ൬1 +
𝛾 − 1

2
𝑀ଶ

ଶ൰

ఊ
ఊିଵൗ

= 1.2ଷ.ହ = 1.892 

From where we verify by reading the tables, 

𝑃଴ଵ
∗ = 2.035 𝑃଴

∗ = 2.035 × 1.57 = 3.193𝐵𝑎𝑟 

𝑃଴ଶ
∗ = 1.094 𝑃଴

∗ = 1.094 × 1.57 = 1.717𝐵𝑎𝑟 

4) Calculation of speeds at the entrance and exit 

One can either utilize the definition of the Mach number at each point 𝐶 = 𝑀ඥ𝛾 𝑟 𝑇, one 

should utilize the Barré de Saint Venant theorem. 

𝐶௣𝑇௜ = 𝐶௣𝑇 +
𝐶ଶ

2
 

We will employ this latter method, allowing the reader to verify the results by using the Mach 

number. 

The generating temperature is provided by 

𝑇௜

𝑇ଵ
= 1 +

𝛾 − 1

2
𝑀ଵ

ଶ          𝑇௜ = 300 × 1.018 = 305.4𝑘 

𝐶ଵ = ට2𝐶௣(𝑇௜ − 𝑇ଵ) = √200 × 5.4 = 104𝑚/𝑠      

𝐶ଶ = ට2𝐶௣(𝑇௜ − 𝑇ଶ) = √200 × 27.4 = 234𝑚/𝑠      

4) 4) Calculation of the length of the pipe if 𝜆 = 0.04 = 𝐶௧௘ , 𝐷 = 0.1𝑚 

The reading of Fanno tables provides 

𝜆

𝐷
𝐿ଵ

∗ = 5.299,         
𝜆

𝐷
𝐿ଶ

∗ =   0.208 

From where 

𝐿 = 𝐿ଵ
∗ − 𝐿ଶ

∗  =
𝐷

𝜆
(5.299 − 0.208) =

0.1

0.04
× 5.091 = 12.73 



 

 

 

EXERCISES RELATED TO CHAPTER V

Exercise 1 

A mixture of air and fuel, assumed to have a specific heat ratio 

chamber with an inlet velocity of C

300K. The heat added through combustion is 900 kJ/kg of the mixture. Calculate (a) the exit 

properties C2, P2, and T2, and (b) the total 

sonic exit flow. 

Solution: 

(a) (a) First, we calculate 𝑇

the variation in the stagnation temperature of the gas

Where  𝑇଴ଶ = 𝑇଴ଵ +
௤

஼௣
= 303

We have sufficient information to calculate the initial Mach number.

𝑎ଵ = ඥ𝛾 𝑟 𝑇ଵ = [(1,4)(287

For this Mach number, we use equation  (

A  𝑀ଵ = 0,216 : బ்భ

బ்
∗ ≈ 0,1992

 

The stagnation temperature ratio at section 2 is T

corresponds to a Mach number M

We will now use table (III) at M

The output properties are determined by using these proportions to identify state 2 fr

1: 

 

𝐶ଶ =

𝑃ଶ = 𝑃ଵ
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EXERCISES RELATED TO CHAPTER V-Part2 

A mixture of air and fuel, assumed to have a specific heat ratio γ = 1.4, enters a combustion 

chamber with an inlet velocity of C1 = 75 m/s, pressure P1 = 150kPa, and temperature T

300K. The heat added through combustion is 900 kJ/kg of the mixture. Calculate (a) the exit 

, and (b) the total amount of heat added that would have resulted in a 

𝑇଴ଵ = 𝑇ଵ +
஼భ

మ

ଶ஼௣
= 300 +

(଻ହ)మ

[ଶ(ଵ଴଴ହ)]
= 303𝑘. Thus, we calculate 

the variation in the stagnation temperature of the gas : 

𝑞 = 𝐶𝑝(𝑇଴ଶ − 𝑇଴ଵ) 

303 +
ଽ଴଴଴଴଴

ଵ଴଴ହ
= 1199𝐾 

We have sufficient information to calculate the initial Mach number. : 

(287)(300)]ଵ/ଶ =
347𝑚

𝑠
                𝑀ଵ =

𝑉ଵ

𝑎ଵ
=

Mach number, we use equation  (VII.3)a or table 4 to determine the sonic

1992   𝑜𝑢    𝑇଴
∗ =

ଷ଴ଷ

଴.ଵଽଽଶ
≈ 1521𝑘  

The stagnation temperature ratio at section 2 is T02 /T0
* = 1199 /1521 = 0.788, which 

corresponds to a Mach number M2 ≈ 0.573 in table (III). 

) at M1 and M2 to tabulate the desired property ratios.

The output properties are determined by using these proportions to identify state 2 fr

= 𝐶 
𝐶ଶ 𝐶∗⁄

𝐶ଵ 𝐶∗⁄
= (75)

0,5398

0,1051
= 385𝑚/𝑠 

ଵ  
𝑃ଶ 𝑃∗⁄

𝑃ଵ 𝑃∗⁄
= (150. 10ଷ)

1,6442

2,2528
= 109𝑘𝑃𝑎 

= 1.4, enters a combustion 

kPa, and temperature T1 = 

300K. The heat added through combustion is 900 kJ/kg of the mixture. Calculate (a) the exit 

amount of heat added that would have resulted in a 

Thus, we calculate 

=
75

347
= 0,216 

a or table 4 to determine the sonic value 𝑇଴
∗ : 

= 1199 /1521 = 0.788, which 

to tabulate the desired property ratios.. 

 

The output properties are determined by using these proportions to identify state 2 from state 



 

 

 

𝑇ଶ =

 

(b) The addition of the maximum allowable heat would lead the exit Mach number to the 

unit.: 

𝑞௠௔௫ = 𝐶௣(𝑇଴
∗ −

Exercise 2 

Consider a cylindrical post-combustion chamber.

the outlet temperature is 2500

( 4.1  )  

Solution  

൜
𝑇଴ଵ = 1000𝑘
𝑇଴ଶ = 2500𝑘

  

Therefore  బ்భ

బ்మ
= 0.4 

We are looking for M1, assuming that M

 

The table of the Rayleigh curve:

Therefore, according to the Rayleigh table and by employing interpolation between two 

values 0.32 < 𝑀ଵ < 0.34 
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= 𝑇ଵ  
𝑇ଶ 𝑇⁄

𝑇ଵ 𝑇∗⁄
= (300)

0,8876

0,2368
= 1124𝑘 

(b) The addition of the maximum allowable heat would lead the exit Mach number to the 

𝑇଴ଶ = 𝑇଴
∗ = 1521𝑘 

− 𝑇଴ଵ) = (1005)(1521 − 303) ≈ 1,22 × 10଺

combustion chamber. The inlet stop temperature is 1000

the outlet temperature is 2500K. What could be the maximum Mach number at the inlet? 

, assuming that M2=1. 

The table of the Rayleigh curve: 

Therefore, according to the Rayleigh table and by employing interpolation between two 

(b) The addition of the maximum allowable heat would lead the exit Mach number to the 

଺𝐽/𝐾𝑔 

inlet stop temperature is 1000K, while 

K. What could be the maximum Mach number at the inlet? 

 

 

 

Therefore, according to the Rayleigh table and by employing interpolation between two 



 

 

86 

 

One can find  𝑀ଵ = ቀ
଴.ଷଶି଴.ଷସ

଴.ଷ଼ଷ଻ି଴.ସଶ଴଺
ቁ (0.4 − 0.4206) + 0.34 = 0.33 
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Appendix: Tables of Compressible Flow 

TABLE I of compressible flows 𝜸 = 𝟏. 𝟒𝟎𝟓 
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The indices referenced are those utilized in the course, specifically: 

"0" for generating conditions 

"c" for critical conditions 

"1" and "2" for conditions respectively before and after the right shock 

𝑃଴
ᇱ : denotes the generating pressure following the shock. 
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TABLE II: Adiabatic flow with friction at constant section). (Fanno 

curves). 
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TABLE III : Non-viscous compressible flow with heat transfer in a constant 
cross-section pipeline, ideal gas (γ = 1.4) (Rayleigh curves).
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