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Correction of Exam : Algebra 2

Exercise 1. (Matriz+Linear equation system 10pts)
4 2 1
Let the matriz A defined by : A= =5 —2 -1
2 1 1
Calculate : det(A), Tr(A).
Determine the matrices B and C such that : B = A+ 2A!, C = A2,
Show that : A is invertible and calculate A~1.
Give the linear application f associated with the matriz A.
Is f bijective ? If yes, give f1.
dr+2y+z=1
6. Let the system : S =< —br —2y—z=2
2r+y+z=-1
— Write (S) in matriz form.
— Deduce the solution of the system (S) using the matriz method.

SRS

Correction
4 2 1
Let the matrix A defined by : A= -5 —2 -1
2 1 1
1. Calculate : det(A), Tr(A).
-2 -1 -5 -1 -5 =2
I IR T
Tr(A) =4+ (-2)+1=3
2. Determine the matrices B and C such that : B = A+ 2A! C = A2,
4 2 1 4 =5 2 12 -8 5
B=A+2A"= -5 =2 -1 |+2| 2 -2 1 |= -1 -6 1

2 1 1 1 -1 1 4 -1 3



4 2 1 4 2 1 8 5 3
C=A=| -5 =2 -1 |- | =5 =2 =1 |=| —-12 -7 —4
2 1 1 2 1 1 5 3 2

3. Show that : A is invertible and calculate A™'.
We have : det(A) =1 # 0, then : A is invertible.

To find A~!, we use the formula :

Al = . A)l
dera) oA
We have :
-1 3 -1
Com(A)=| -1 2 0
0O -1 2
then :
-1 -1 0
Al = 3 2 -1
—1 2

4. Give the linear application f associated with the matrix A :

[ R —R?
x
VX =| y | eR?
z
4 2 1 x
flzyy2)=A-X=| =5 =2 =1 |- |y | =Uz+2y+2z —bxr—2y—z2x+y+2).
2 1 1 z

5. Is f bijective ? If yes, give f~!.
We have : A is invertible (det(A) =1 # 0), then : f is bijective.

With :
fl oy, 2)=A" - X = (—ov— 9,32+ 2y — 2, —x + 22)

dr+2y+z2=1
6. Let the system : S =< —bhxr —2y —z=2
20 +y+2=-1
— Write (S5) in matrix form :

4 2 1 x 1
-5 =2 =1 |-y |=
2 1 1 z -1



— Deduce the solution of the system (S) using the matrix method :

We have :
A-X=B < X=A"'-B
-1 =1 0 1 -3
X = 3 2 -1 |- 2 = 8
-1 0 2 -1 -3

e The solution is : S = {(—3,8,—-3)}
Exercise 2. (Vector Spaces bpts) Consider the subset F' of R® defined by :
F={(2,y,2) € Rz — 2y + 32 =0}

1. Show that F is a vector subspace of R3.

2. Find a basis of F' and determine its dimension.
3. Let the vector : v = (1,1,1). Isv e F ?

4. IsF=R37?

Correction

1. Fis a subspace of R3.

1) F#@ < 0gs = (0,0,0) € F because : 0 — 2(0) + 3(0) = 0 is true.

%) Let : (x,y,2) € . )T y+32=0
Y=(y,7)eF ¥ =2y +32=0
X+Y=(@@+2y+y,2+7)e€F?
(z+2)—2y+y)+3(z+2)=07
Wehave : z+ 2’ —2y — 2y +32+32 =0 —2y+3z2+2' -2y +32=0+0=0
Then: X +Y € F
X = F -9 32=0
3) Let : (.T’y’Z) < <~ N Y+ oz
AeR AeR
A X=X (x,y,2) = (A\z, Ay, A\z) € F?
Ax — 2 \y + 3 z =077
We have : Az — 2 \y+ 3 z = ANax —2y+32) = A(0)=0
Then : A- X € F\

From 1), 2) and 3) we deduce that : F' is vector subspace of R3.



2. Determine a basis of F'.
o Let: u=(r,y,2) € F with: x —2y+32=0.
r—2y+32=0=— =2y — 32
We have :

U= (ZL’,y,Z) = (2y - 3Z,y,2)

Then : F' = Vect((2,1,0),(—3,0,1)) = Vect(vy, v2).
So : {v1, v} is a generating family of F'. (1)
{v1,v9} is a linearly independent of F'?

o Let:a,feR.

avy + Puvy = Ops & «(2,1,0) + 5(—3,0,1) = (0,0,0)

20 — 36 =0
a=20
8=0

a=0
f=0
Then : {v1,v9} is a linearly independent of F.  (2)

From (1) and (2), we deduce that : {vy, v} is a basis of F' and dim F' = 2.
3. Let the vector : v =(1,1,1). Isv € F'?

We check if v satisfy the equation x — 2y + 32 =0:
1-2(1)+3(1)=1—-243=2

Since : 2 # 0, the vector : v ¢ F.
4. F # R3 because : dim F' = 2 # 3 = dim R?.

Exercise 3. (Linear Applications 5pts) Consider the following application :
f:R® — R?
(1'7:% Z) — f([E,y,Z) - (21‘ —YY + 32)

1. Show that f is a linear application.
2. Determine ker(f). Is f injective ¢ Justify your answer.

3. Determine Im(f) and deduce dim Im(f). Is f surjective ? Justify your answer.

4



4. Is f bijective ?
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Let f: R3 — R? defined by :
f(z,y,2) =2z —y, y+32), forall (z,y,2) € R?

1. Show that f is a linear application.

o Let: X = (x,y,2) and Y = (2/,¢/,2') € R, we have :

fX+Y)=flx+2y+y,z2+7)
=Q2@+2) = (y+y), (y+y) +3(z+2))
(22 —y) + (22" —y), (y + 32) + (y + 32"))
=2 —y,y+32)+ 22 — o,y + 32
= f(z,y) + f(2',y)
= f(X) + f(Y).
Then : f(X +Y) = f(X) + f(Y)..... (1)

elet: AeRand X = (z,y,2) € R3.
FOX) = f(a, A, A2)
= (2\x — Ay, \y + 3)2)
=2z —y,y + 32)
=M (z,y,2)
= Af(X).
Then : f(AX) = Af(X)..... (2)

From (1) and (2), we conclude that : f is a linear application.
2. Determine ker(f). Is f injective ? Justify your answer.

e From the kernel

{(J:’yaz) € R3 | f(x7y7 Z) - 0R2}
{(z,y,2) e R’ | (22 —y,y + 32) = (0,0)}
{(z,y) € R? |2z —y=0and y+ 32 =0}

ker(f) =

20 —y = =2
We solve the system : { t-y=0 = {y v

y+32=0 z=-2z

3

ker(f) = {(z, 2z, —gx) |z €R)

={z(1,2, —%) | z € R}

2

= {(17 2, _g)}



e We have : ker(f) = {(1,2,—2)} , then : f is not injective.

. Determine I'm(f) and deduce dim I'm(f). Is f surjective ? Justify your answer.

e From the image : We can find the image by applying f to the canonical basis of R3 :

f(1,0,0) = (2,0)
f(0,1,0) = (—1,1)
£(0,0,1) = (0,3)
Im(f) = Vect((2,0),(—1,1),(0,3))
dim(Im(f)) = 2. (because : dim(Im(f)) = dim(R?) — dimker(f) =3 — 1 = 2)

We have : dim(Im(f)) =2 = dimR? (Im(f) = R?), Then : f is surjective. (2)

From (1) and (2), we deduce that : f is not bijective.



