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Mechamcs?

Mechanics studies the motion of objects
and the forces that cause them.

It explains why things move, stop, &
or stay still — using Newton's Laws. 4%
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Course Objectives

Course Objectives

This course aims to provide the introduce basic concepts of material point mechanics in physics,
this handout is made up of four chapters consistent with the programs for the first semester.is aimed
at students in the core areas (first year) of science and technology (ST), material sciences (SM).

» Chapter I. We will start by presenting a mathematical reminders, where in the first part we will
we will study dimensional analysis while in the second part, we will focus on the vector calculation,
both cover the fundamental quantities that are used to express physical laws and principles. In
addition to necessary reviews, this section aims to introduce clear definitions and appropriate
notations.

 Chapter II: is dedicated to the kinematics of the material point. The objective of this chapter is
to describe the movement of the material point (position, velocity, acceleration) in the different
coordinate systems.

 Chapter I111: dynamics of the material point within the framework of Newton's mechanics laws,
including its three laws or principles: the law of inertia, the fundamental law of dynamics, and the
law of reciprocal actions. We consider general laws, referred to as force laws, established for
several interactions along with applications aimed are predicting the motion of bodies.

* Chapter IV: Work, Power and Energy. We first consider the work done by a force and the kinetic
energy of a particle. Subsequently, we delve into the concepts of potential and total energies, and
we apply the principle of conservation of energy in various practical situations, to solve complex
problems where force, distance, and time are related.

To achieve a correct understanding of the lessons, we have included with each chapter a set of
exercises with the typical and detailed solution.

General objectives:

e Identify the concept of vector calculus and its properties.
e Learn to use the usual coordinate systems

e Interpret the movement of a point over time independently of the causes, which produce
this movement.

e Introduce the student to the basics of Newtonian physics through Kinematic
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Chapter I: Mathematical tools

Chapter I: Mathematical tools

Part 1: Dimensional Analysis

I.1. Dimensional Analysis:

Dimensional analysis involves verifying the relationships between physical gquantities by
identifying their dimensions. These dimensions are independent of numerical multiples and
constants, and all quantities in the universe can be expressed in terms of fundamental
dimensions.

1.1.1. Physical Quantity:

A physical quantity is any quantity that can measured or calculated from other quantities called
base quantities. For example, distance and time can be define by measuring both, while speed
is calculates by dividing the distance traveled by the travel time. In this case, distance and time
are base quantities, and speed is a derived quantity. Most physical quantities are derive from
one another and from a few base quantities.

Examples of physical quantities: mass, time, distance, area, volume, energy, density,
pressure...velocity, acceleration, force and temperature .... Etc.

1.1.2. International System of Units:

The value of a physical quantity is given in relation to a standard known as a "unit™. The first
four fundamental units constitute the MKSA International System (Meter, Kilogram, Second,
Ampere). Using these fundamental units, derived units can be constructed: area (m?), velocity
(m/s), force (kg m/s?)...

The International System of Units (SI) consists of seven base (fundamental) units
corresponding to seven physical quantities, as summarized in the following table:

Length Ix,r L Meter (m)

Mass m M Kilogram (kg)
Time t T Second (s)
Current intensity i I Ampere (A)
Temperature T 6 Kelvin (K)
Light intensity j J Candela (Cd)
Quantity of material n N Mole (mol)

Note: There are also other systems of units in physics, such as:

- The International System (S1) known as MKSA (Meter, Kilogram, Second, Ampere), which
is the most widely used system.

2



Chapter I: Mathematical tools

- The CGS system (Centimeter, Gram, Second), which is less commonly used.
1.1.3. Definition of dimensions:

In physics, the term "dimension” signifies the inherent property of a physical quantity. We use
dimension to classify the physical quantities according to their types regardless of their values
or the unit used for them. For instance, the measurement of distance between two points can be
done using units like feet, meters, or kilometers’, with each unit representing a unique aspect
of the dimension known as length. Similarly, when measuring the mass of an object, it can be
quantified using units like kilogram, gram, pound, or milligram. These units all share a common
nature, as they represent mass, and therefore they have a mass dimension. To denote the
dimension, we typically write the symbol of the quantity within square brackets [quantity],
dim G = [G]

1.1.3.1. Dimensional Equations:

Or dimensional equations. We call the equation with dimensions for the amount G the equation
that takes the form [G] = M®LETY

By denoting M, L, and T as the dimensions of the fundamental quantities mass, length, and
time, we can express the dimensions of other derived quantities in terms of these three
fundamental dimensions. The resulting equations are the dimension equations for these physical
quantities.

Velocity v ms~! LTt
Acceleration a ms~2 Lir?
Frequency f HZ 771
Volume 1% m3 L?
Force F N Mitr2
Work w Ji MALAT?
Power P w M3
Pressure 14 Pa ML T
Energy W E N.m MLiT?
Electric potential /4 /4 M1L2T-3]71
Electric resistance R Q MLAT312
Electric field E V/morN/C M3t
Electric charge q C !
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Example 1: we can derive a the this relation of the acceleration. The relation reads

-1
[q] = peed] _ 1 _ LT~ _ ;-2

[time] ~ [t] T
the unit of acceleration is (m/s?).
Notes:
* Dimensionless quantities: all exponents are zero.

* Exponential, logarithmic, and trigonometric functions, as well as constants and everything
within these functions, have a dimension of one.

[]=1,[Logx]=1,[4]=1,[sinx] =1, [n] = 1...
1.1.3.2. Dimension of a Derived Quantity:

To calculate the dimension of a derived (non-fundamental) physical quantity, we need an
equation that relates it to the fundamental quantities. This is also possible using the unit of the
quantity. In the table below, we give some examples of derived quantities and their dimensions.

Angular speed, pulsation: w a/t T!
Angular acceleration: wi/t T?
Frequency: f Ut T!
Force: F m.a M.L.T2
Moment of inertia: J m. 12 M.L2
Pressure: Pr F/S M.LLT?
Work: W F.d M.L2T?2
Power: P Wit M.L2T3
Charge: Q it I.T
Magnetic field/F Flq.v M.T211
Electric field: E Vi M.LT3I1!
Capacity : Q Qv M2 T2
Resistance: R Vi M.L2T3.12
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Part 2: Vector Analysis

1.2. Vector Analysis:

The use of vectors in mechanics is fundamental. They are used to represent velocities and
accelerations of points, rotations of solids, displacements and exerted forces.

1.2.1. Scalar quantities and vector quantities:

The physical quantities that used to describe the motion of objects can divided into two
categories. The quantity is either a vector or a scalar. These two categories can be distinguishes
from one another by their distinct definitions:

Scalar quantity: are quantities that are fully described by a magnitude (or numerical value)
alone. The word scalar means representable by position on a line; having only magnitude.
(Example: distance, area, volume, speed, mass, time, energy, density, temperature, and work).

Vector quantity: that are fully describes by both a magnitude and a direction. (Example:
velocity, force and acceleration).

A vector is a line segment AB, having an origin A and an end B. We denote it byAB,
characterized by:

- Its direction, which is define by that of the line, which carries the segment
- Its sense, which designates the orientation of the vector (from A towards B).

- Its magnitude (norm or intensity) which is equal to the length of the segment [AB] noted AB
which is always positive.

Note:

A single letter can designate a vectordB = V.

magnitude

Xﬁ

direction

SEMse

=l

1.2.2.Unit vector:

The unit vector is a vector whose magnitude is equal to one. We write |1| = 1 parallel to the
unit vector ji such that AB = AB. ji with: ||AB|| = AB

I145]]

sl

A
1.2.3. Components of a vector:
A vector is described by its components, which are determined from a reference frame.

This reference frame can be linear (a single x component), planar (two components X,y) or in
space (three components x,y and z).

| 5



Chapter I: Mathematical tools

1.2.3.1. Vector coordinates in the Cartesian reference frame:

The Cartesian reference frame is an orthonormal frame: unit vectors must be mutually
orthogonal to each other and normalized to unity.

< Inthe plane (o,7,])

( V=V, +V, .
Vo=Vl - . . §
4 . L2 V=V1+1) | & |
| Vy = Vy] * y /'
ka = Vcosa;V, = Vsina
The modulus of vector (V) is calculated by : : ‘ h/l .
V= |v2+w2 s - -
- : Y 0 7 l_ X

/ X
The components of vector (V) in the orthonormal plane (O,T,f)are: (%) and (V) and we can writ
- (I/x) Vcos a
V= =(_ )
|4 Vsin a
V = V(cosal + sin aj)

% Inthe space (O,T, J, f{)
The coordinates of a vector in space, represented in an orthonormal base frame R (0,1, k)
are : VX, Vy and Vz such that:

The Vector(\_f)is written by:

V=V, +V,+V,

Vx = VxT I.L ,’*
V, ==V =i+ ]+ Lk 4
V, = Ik '

Il
\{I

v

=

The modulus of vector V is calculated by : V =V + V7 + V2

1.2.4. Elementary Operations on Vectors:
1.2.4.1. Vector addition:

If two vectors \71 and Vzare added, the initial point of the one vector is brought by a parallel
shift to coincide with the endpoint of the other one. The sum Vl + Vz , also called the resultant

V12, then corresponds to the distance from the initial point of the first vector to the endpoint of
the second one. This sum may also be found as the diagonal of the parallelogram formed by V;
and V.
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V. —(*1).V. = (%2 v -
Vl - (3’1) 'VZ - (3’2) Vi V,
\71 = \72 if X, =x,andy; =y,
The sum of the 2 vectors is a vector S
- _ — — V .
) S=V,+V, i v,
S=(x1 +x)T+ (y2 + 2]

% vV
The modulus of S is calculated by: 1

S =01+ 22)2 + (1 + ¥3)?
The sum of n vectors V,,V, and V; ...V,. Is a vector S such that:

§=V1+VZ +V3+Vn

vz

1.2.5. Products:
1.2.5.1. Scalar product:

The scalar product is a method for multiplying two vectors. Because the product of the
multiplication is a scalar, the dot product will used to find an angle between two vectors and
will have applications in finding distances between points and lines, points and planes, etc.

- . - X1\ - X
Scalar product between two vectors V; and V, with: V; = (yl> ; Vo, = (yz)
1 2

gives a scalar value: I71 . 172 = V1V2cos(l71, 172)

v Ifa=§,coscx=0then V,-V,=0

Then the vector \71 is perpendicular to the vector Vz
v Ifa=0,cosa=1then V, -V, = |V1| : |V2| 1=V, -V,

Then the vector \71 is parallel to \72
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V,-Vy = (xlf + yj) (xzf + yzﬁ)
Vl . [72 = xle-ﬁ)‘l' X1y2-i)]?+ xzylﬁ)-l_ ylyzﬁ)

To simplify the calculation, we use the properties of the scalar product with respect to unit

vectors:
j;i=1 j-j=1 k-k=
{T-T: 0, i-k=0, j-k= }
Using the commutative property of the scalar product, we get Vi -V, =2x1%, + V1Y2
= The angle between the two will be given by:

X1X2 +Y1Y2 + 212,
V1llV2]

cos0 =

=  The dot product allows us to define the magnitude of a vector:
V| =VV-V=VV2=/xZtyZ122

1.2.5.2.Vector product:

W = A% || = [[V]] - |V sin 6

The modulus of vector W iscalculatedasfollows:
W = |‘7; X V)2| = V1V2 Sin(‘—/)l, Vz)
The vector product can be calculated using the determinant method:

Let two vectors Vland \72 such that:

X1 X2
V, = <Y1),V2 = (3’2)
Z Zy

T K
W=7 %V = J _ Y A X1 Zas, % Y1E
-1 2= X1 1 ATy, z X2 Zp X2 Y2
X2 Y2 2y

W= (V122 — 21Y2)1 — (X125 — 21x)T + (x1Y2 — 3’1x2)i(

From this relation, we can calculate the modulus of W by:

W = \/()ﬁzz — 21Y2)% + (X123 — 21X3)? + (X1, — Y1X2)?
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1.2.5.3. Mixed product :
The mixed product of three vectors:

X1 X2 X3
V1 = <Y1),V2 = <3’2),V3 = <y3)
Z; Zy Z3

By the scalar product: V, x (V, x V)
Which is calculates using the determinant method such that:

X1 Y1 74

V. X(I7 XV) =[X2 Y2 22 —|y2 Zz|x _|x2 ZZ| |x2 y2|

1 2 3 ys z3l"1 Ixz  zgl7? X3 Y31t
X3 Y3 Z3

Vi X (Vo X V3) = (¥223 — 22¥3)X1 — (X223 — 22X3)y1 + (X273 — Y2X3)Z4
Note:
The mixed products commutative: V. (V, x V3) = V,.(V, x V3) = (V; x V)V,
1.2.6. Derivative of a vector:

The derivative of vectors or vector-valued functions can defined similarly to the way we define
the derivative of real-valued functions. Let us say we have the vector-values function,

V() = V(DT + V, (0] + V,(Dk

Its first derivative in relation to time is:
dv(t) dv,., dv,- dv,-

dt _dtl+dt]+dtk
d(Vy(t) + Vo)) _ dVy(t) dV,(t)

dt ~dt dt
d(\_fl(tzi ;\7’2 ©) _ dV; t(t) L0 £V dV; t(t)
d(\_fl(t)di\ V(D) _ dV; t(t) AT ©) + T A dV; t(t)

1.2.7. Differential operators:
1.2.7.1. Définitions:

A three — variable function is a function that depends on three variables x, y and z:

F=fy,2)

The total differential of an algebraic function F with three variable x, y, z is written by:
of of of

dF =df(x,y,z) = de + ady + gdz

| 9
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With the partial differentials: —f g af
dx 0dy 9z

1.2.7.2. Operators:
a) del: The vector differential operator del is de The vector differential operator del is defined

(%)

L)

b) Gradient: The vector Vf is called the gradient of f (written grad f).

The gradient is an operator that acts on algebraic functions and transforms them into vector
functions by the del operator. We define the gradient vector of the algebraic function f(x, y, z)
as follows :

aradr =91 = (52) v+ (5)1+ (52)%

c) Divergence:The divergent is an operator that acts on vector functions and transforms them
into algebraic functions by the del operator.

Letitbe V =Vxi+ Vyj + Vzk a vector function. We define divV as follows

divV =V 17—(6 i+ 2540 E) (Vi +V,] + k)
= ~ \ox* oy’ 0z xt Tl T
. V_avx+avy+avz
9x 9y 0z
d) Curl : The Curl of the vector v is a vector that can be represented asV =V I+ V,j+ VZE
T 9 k
ixi=|2 9 9
dx 0dy 0z
e %o
CurlV — v, av, (aVZ aV")q_ v, av, =
v =\ay B2 Ll W et vy VR W ay
e) Laplacian: The following relation defines Laplacian of a scalar function:
Zf aZf aZf

V2.(f) =V.V(f) =

axz " ayz " oz2
The following relation gives Laplacian of a vector function:

2 2 2
V() = V.5 =5 b0 ayfi+af”

1.2.8. Moment of a vector to a point in space:

Definition: The moment of a vector with respect to a point in space is the vector defined by:
Z,=0AAV
10
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1.2.9. Moment of a vector about an axis:

Definition: The moment of vector v about an axis ", with origin O and unit vectoru, is equal
to the mixed product:

—

Ta=7,- U= (0ANV) U

u: The unit vector of the axis (A).

11
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Proposed exercises about chapter |

Part 1: Dimensional Analysis

Exercise 1:
- Find also dimensions of force F, acceleration a, energy W, pressure P, Work and Power.

- Find the dimensions of the following physical quantities: charge Q, surface density o, electric
field E, electric potential V, electrical resistance R, resistivity p, capacitance C

Exercise 2:

A physical relation must be dimensionally homogeneous, i.e., all the terms on both sides of the
equation must have the same dimensions.

We can think that the period T of a simple pendulum could depend on the length | of the string,
the mass m of the body and the acceleration due to gravity g.

Let us establish the relation, which describes this dependence.

Expression of T as a function of the previous quantities:

T=Km=lEgr

K is a dimensionless constant and a, f and y are exponents to be determined.

Exercise 3:

What are the dimensions of both k and vo constants in the following equation?

v = kt + vo where v represents velocity and t represents time.

Exercise 4:

The equation of state for an ideal gas is given by PV = nRT

- Write the dimensions of each parameter in this equation.

Exercise5:

The sound emitted by the wire of a guitar is characterized by its frequency f. This frequency
is a function of the force F of the wire tension, the length L and the density p of the wire.
Find the expression of frequency f assuming the form:

f=K F3LPp®

With K a dimensionless constant and the frequency dimension [f]=T*

Part 2: Vector Analysis

Exercise 6:

Let th_e) vectors in space be V, = 27—+ 3k and V, =7 + J + 2k represented in the frame R
(0,7jk)

-Calculate the angle between the two vectors 171 andl72.

Exercise 7:

1- Consider the following vectors: V, = sin t7 +cos t} +3tk, V, = el +2c0s3t J +3sin2tk

. .. dv, av.
- Find the derivatives:— , —=
dt ’ dt

12
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2- Let the vectors be the following:

V, =537 +3tf —2t*k , V,,= sin t7 +cos t] +3tk

- Find the following derivative expression in two wayS'i (17 v ) 4 (17 AV )
ar N2l g VP12

Exercise 8:

A) Let be the points A (1,1, 1),B (2,2, 1) and C (2, 1, 0)

1. Calculate the scalar product AB, AC and the vector product AB, AC

2. 2- Deduce the angle 0 formed by the two vectors AB and AC.

B) Consider the points A (1, 2, 3), B (3, 1, 3), C (8, 5,5) and D (3, 5, 4) in space.
Calculate the mixed product by the three vectors (AD,BD, DC).

Exercise 9:

In the frame R (0,7jk) we give the sliding vector V =7 + 27 + 3 k and which passes through
the point A (3, 4, 2).

1. Calculate the moment of the vector V relative to the origin O, then relative to the axes OX
and OY.

2. Calculate the moment of vector V relative to point B (3, 6, and 0)

3. Consider the (A) axis of unit vector % (-1/72, 1/2, 1/2) and passing through B, calculate the
moment of V relative to (A).

13
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Exercises correction of about chapter |

Exercisel:
» dimensions of:
- Accélération a: [a] =[v]/[t]= L.T?
- Force F: [F] = [m]. [a]= [F] =M.L.T (kg.m.s or Newton)
- Energy W: W=Force x distance = F. [, [W] = [F]. [I]= M.L.T2 .L= M*L?T" (Joule)

- Pressure P: P = Force/area = F/S — [P] = [F}/[S] = M.L.T2 /L? = M1L*T2 (kg.m*.s or
Pascal).

- Work: W = Fxdxcoso, [W] = [F] x [d] x [coso] = MLT2.L. 1=ML?T2 (kg.m?.s2 or Joule)
- Power: P = W/t [P] = [W]/ [t] = (ML2T2)/T=ML?T?3 (kg.m?.s or Watt)
» Dimension of physical quantities:
- Electric charge: Q = current X time = i.t — [Q] =[i]. [t] = LT
- Surface density: ¢ = charge/surface =Q/S — [¢] = [Q}/[S] =1.T/L? = L.T.L?
- Electric field: E= force/charge= F/Q — [E] = [F]/ [Q],
F= m.a — [F] = [m]. [a], [a]=[v]/[t]= L.T2 — [F] =M.L.T2 >[E] = [F//[Q]= (M.L.T?)/ I.T
[E]= ML LLT312
- Electric potential: V= Electric field x distance = E.l or V= work/charge=W/Q
[V]=[E]. []= ML LE T3t L= M L2 T3 12
- Electric Resistance: R = Potential/current =V/I — [R] = [V]/[i] = (M L2 T2 IY)/I
[R]= Mt L2 T3 2
- Resistivity: p = (Resistance surface)/length=R.S/1 — [p] = [R]. [S]/[1] = M! L2 T3 I?).L?/L
[p]= ML L3 T 312
- Capacitance: C= Charge/Potential = Q/V — [C]=[Q)/ [V]=1T/ M L2 T3
[C]= ML L2 T4 12
Exercise2:

Now, dimensions of various quantities in the equation are: [T] =T, [m?] =M<, [If] =L#, [g"] =
(L.T?) r=Lv.T %

The dimensional equation is then: T=M«.LB.Lv.T 2

Here the equation must be dimensionally homogeneous; the dimensions of all the terms on
both sides of the equation must be the same. There for the following relations result: =0

p+y=0 = =y
—2y=ley = —%:>,8 :%

The relation becomes: T = K \E

This analysis shows that the period of the pendulum does not depend on the mass m.

14
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Exercise 3:

The equation is dimensionally correct if both sides have the same dimension.
[v] = [k][t] = [wo]

LT =[k] T =[vq]

LT *=[vo] and LT % = [k]

Exercise 4:

1) Pressure: P = F/S (F: force and S: area)

[Pl=g = F=ma=[F=[ml[d]

S=LxW = [S]=][L] x [W] (m signifies mass, a represents acceleration, L denotes length,
and w represents width.)

[F1=[m][al=M LT
[S1=1[L] x [W] = L?

_[F] _MLT™?
= [P] _E - L2

2) Volume: V=LxW x H=[V]=[L] x [W] x [H] = L®

3) Amount of substance: [n] = N

4) Temperature: [T] =6

5) The ideal gas constant, also known as the universal gas constant

=ML1T?

- PV =[PVl
R= nT = [R] _[nT]

[n]=N,[T]=6

0
N6

>R=ML>T?N'?

Exercise 5:

f= K F*LP pcThis function is therefore homogeneous [f] = [K][F]*[L]?[p]¢
[Fl=[m][al=MLT?

[L]= [K]=1
m -3
o] =[] = mL
1 -1
[f] = - T
So;

[f] = (MLT ?*(L)’ (ML) =T
= MOLOT—l — Ma+cLa+b—3cT—2a

a+b=0
By identification: jJa+ b —3c =0
—2a=-1

15
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a=-—
4
\b=—5=-2
b 2
_ 1
c=-a=—5
11
F = KFY/2[72p=1/2 = K\JF = —
2 Jp
. s _ o VF
So; f = KLZ\/E
Exercise 6:

We have I_/)l.l_/)z = ||I71|| ||I72|| cosf

oo 2 -1
Vl'VZ = -1]. 1 =3
3 2

Il = Jx+yf+27 = VA+1+9=Vid

V.V,

= c0SO0 = ——=—
[V [ [1v2]

ol = %3 +y5 +25 = Vi+T+4= 6

_ W 3
0% = fwtwal ~ vieve - %
=0 =71.33
Exercise”:

. .. dVy av.
- Find the derivatives:— , —=
dt ' dt

— . o 5 - d‘_/ > . - -
Vi=sinti+costj +3tk :>d—t1 =costr+sinty+3tk

—_
—

- -> - 3 (A% - . - -
V, = el +2 cos3t] +3sin 2tk:>d_t2 = e'i—6sin3tj +6cos2tk
- Find the following derivative expression in two ways:
d - = d — —_
E (Vl' Vz), E (Vl /\ Vz)
S - dysm o=y _d o = oAy,
1) Vv, = 5t37 +3t] —2t*k :E (V1 Vz) - E VZ + Vl' -

dt
- N 5 N d ;= — dl_/l — — d]72
= + + — = Z2
2) Vp=sinti +cos tf +3tk = — (V1 A Vz) — AV, + V1A "

|16
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Exercise8:
A) Let be the points A (1,1, 1),B (2,2,1)and C (2, 1, 0)
1. Calculate the scalar product AB.AC

2-1 1 2-1 1
E<2—1)=<1)Andﬁ<1—1)=<0)
1-1 0 0—1 ~1
1\ /1
E.A_C’=<1>.<o>=1
0/ \-1

2—1 1
The vector product AB A AC with AC (1 - 1) = ( 0 )

0-1 -1
ABANAC=|1 1 o|=-1T-(-1j—-k=-T+7-k
1 0 -1

|AB| = |AC| =2
The angle between AB.AC = ||4B||. ||AC|| cos6
AB.AC 1
c0SH = ———= = -
|4B].l[ac]| 2
=>0=mn/3
B) Consider the points A (1, 2, 3), B (3, 1, 3), C (8, 5, 5) and D (3, 5, 4) in space.

Calculate the mixed product by the three vectors (AD,BD, DC).

_ . (3-1 2\ _ [/3-3 0 _ (83 5
AD(5-2|=|3),BD|[{5-1|=|4])andDC|5-5|=1|0
4-3 1 4-3 1 5—-4 1

AD ABD = ; 3] 11{ = —T+2j+8k
0 4 1
R, -1 5
(AD ABD).DC = (2).<0>=—3
8 1

Exercise 9:
Vector V =T + 27 + 3 k which passes through the point A (3, 4, 2).
1) The moment of the vector V relative to the origin O

Wy = 0ANT

. Xa — Xo . 3—0 3

OA|\Ya—Yo | > 0Al4—-0]=1{4
Zp— Zg 2—0 2

17
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ol e — Y _T _12 N . . N
My, o= 0AAV=(3 4 2[=(12-HT-(9-2)]+(6—-4)k= 8T—7+2k
1 2 3

My, = OAAV = 81— 7]+ 2k
Moment of V relative toOX:

. . 8 1
2 0

Moment of V relative toOY:

3) Moment of V relative to point B (3, 6, 0):
Wy, = BAAT

. Xq4 — X . 3—3 0
OA|Ya—Ys | >BAl4—-6]|=|-2
Zy —Zp 2—0 2

My, = BANV=|g _2 2|== —107+2j+2k
1 2 3
4) Moment of V relative to A
B B —10\ [-1/v2\ 1g
2 1/2 V2

18



CHAPTER II: KINEMATICS OF
MATERIAL POINT

All'about motion (position, velocity, and acceleration)
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Chapter 11: Kinematics of material point

Chapter 11: Kinematics of material point

11.1. Generality:

Kinematics is the branch of mechanics that describes the motion of an object. It is the study of the
motion of objects without reference to the forces that caused the motion most bodies studied by
physicists are in motion. Motion occurs at all scales of the universe, from particles like electrons,
protons, and neutrons that constitute atoms, to galaxies. It is crucial to define motion accurately in
order to understand many phenomena that we observe around us. An object can have motion in
various forms: Translation, rotation and vibration.

11.2. Position of the moving object:
11.2.1. Position vector:

The position of a material point at a given time t is as defined by a vectorOM, where O is a fixed

point and serves as the origin of the reference frame. The components of point M or the vector OM
is as given in the chosen coordinate system'’s basis (Cartesian coordinates, polar coordinates, etc.).

—

oM

f = x(OT+y(O] + z(Dk
11.2.2. Trajectory:

It is the sum of the consecutive points occupied by the mobile. To find the path equation, we look
for a mathematical relationship between the representations x (t), y (t), and z (t) independent of
time.

Example 1:

The position of a matrial point M identified by its coordinates x, y and z at time t in a coordinate
system R (0,1,7, K)with a position vector:

2

., t
OM=(t—1r+ ?T

2 x=t—1
OM=(t—-DI+—=]=> t?

2 y=—

2
Sot=x+1
) _ . . (x+1)?

The trajectory equation of the material points y = .

11.3. Velocity vector:
11.3.1. Average velocity:
The average velocity U,,, of amoving M between the moments t; and t, is defined by

the following relation:

6 _ MlMZ _ OMZ - OMl
we Tt —t; At

20



Chapter 11: Kinematics of material point

. _ OMy(t;) — OMy(ty)
=V, =

ave
t, =t
A
T},,my Ma(t2)
Mt e === =
Trajectoire
OM, X du point M
OM,
0 > ¥

X

For the Cartesian coordinates, the analytical expression is given for the a verage velocity

{WI == xlf‘}‘ ylj) ‘+‘ Zli)(
Wz = fo‘}‘ yzi + Zzi(
— X — X N - N Zy, — Z —
vave=<z 1>l+()’2 3’1)]_'_(2 1)k
t, —t4 t; -t t, —t4
11.3.2. Instantaneous velocity vector:

If thetimeinterval At is very small(At — 0), wethen refer to it as instantaneous velocity:
U= limUy, = limA—F:d—F:dO—M
At-0 At-0 At dt dt
In a Cartesian coordinate system, we have
OM=F=x.i+y.J+zk=>V=x1+y.J+2k
In addition, we calculate the magnitude of the instantaneous velocity vector using the relation

(dx
dt
L dr _ dy o 13| = (dx>2 N (dy>2 . (dZ)z
V= Yae T \ae dt dt
dz
\dt

11.4. Acceleration vector:
When velocity varies over time v=f (t), point M is subjected to an acceleration.
11.4.1. Average acceleration vector:
The average acceleration of the moving body between two positions is as given by:
AV v, -7,
Aave = At H
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In Cartesian coordinates:

M, (ty=t)
. - Ay V
Vxl Vx2 \-\15
Vl I_/)yl ) VZ I_/)yz _Vl
— — - -LF'JI‘F [ =t+ﬁt
Vzl sz aﬂ'vE"' .( 2 )
_ AV, AV AV
7 — 1+ —J + -
e At At I At
"
o 1 .
o Ve Ve VeV Ve =V
ave tz o tl t?. tl tz tl

11.4.2. instantaneous acceleration vector:

The instantaneous acceleration of a moving body is the derivative of its velocity with respect to
time at the instant under consideration:
} AOM . di(t) d?0M

a=lIlim——=a=
At-0 At dt dt?

For the Cartesian coordinates,
a=x1+y.j+zk

The magnitude of the instantaneous acceleration vector

. 2 dv,\° dv, 2 dv,\>
ld| = \[(ax)z +(ay)" + (a,)? = \/<dt> + <E> + (E)
11.5. Study of some movements:

11.5.1. Rectilinear motion:

Motion is rectilinear if the trajectory is a straight line. Described by a single coordinate and studied
in a one-dimensional coordinate system (dimension). The expressions for the kinematics
characteristics (the position, velocity and acceleration) of a moving particle given as follows:

oM = x(t)1
S _dOM _dx(®)._ ...
V= it - dt L= x(t)
a_dt_ 1t 1 =Xx(t)

11.5.2.Uniform rectilinear motion (URM):

Motion is uniform rectilinear (URM) if the moving object maintains the same speed throughout
its entire path.
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It is characterized by:

Straight — line trajectory (astraightline).
Constantvelocity(v = constant).
Zero acceleration (a = 0).
The initial conditions to t = 0; x = X,.
e  The velocity

dU v t
a=—=0:>f dv=f 0.dt = cte

dt vo 0
Sov =vy, = cte

e  The position

dx
vV=— =>dx=v-dt
dt
x t
fdx =vfdt
X0 0
[x]%, = v[t]§
X — X =v(t—-0)
X—Xg =vt=>x=vt+x,

So:x = vgt + xy

These diagrams are a way visually represents the motion of objects or particles over time. Motion
diagrams can be particularly useful in physics to help understand and analyze the behavior of
objects in motion.

t
x(t) & . )u a(t) 4

X =xg+ vt

g =0

=
\J
<
v

vy <0

23
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11.5.3. Uniformly varied rectilinearmotion(UVRM):
The motion of a material point is rectilinear uniformly varied if its trajectory is a straight line, and
its acceleration is constant. @ = a,7 = cste
Considering the initial conditions:(t=0, V(0)= Vo).
e  The velocity

dv v t
—=a0:fdv=faodt=>v—v0=a0(t—to)
dt - .

0

Sov =apt+v

e  The position

dx X t 1
v=—=a0t+v0=>f dx=j(a0t+v0)dt=[—a0t2+vot]
dt x 0 2

t

0 0

1
So x =Ea0t2 + vyt + X,

The diagrams for uniformly accelerated rectilinear motion related to acceleration, velocity, and
displacement are represents in the following figure:

_ v(t)

I(t_) £ 3 A [t)
a ~
a = cte
Parable
|
xN ]

-

0 > ) > 0

The function x(t) is of the second degree, and the corresponding curve is a parabola.

Therefore, the equations of UVRM are:
a = a, = cste
V(t) = (apt + V)

1
x(t) = antz + Vot + xq

11.5.3. Uniform, accelerated, and decelerated motion:

Three types of movement are distinguishes according to the evolution of the magnitude of the
velocity vector.
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a- Uniform motion: the magnitude of the velocity vector is constant.

—_ = w
a-v=0=>a=0,0ua=§

b- Accelerated motion: the magnitude of the velocity increases.
c- Decelerated motion: the magnitude of the velocity decreases.

11.5. Curvilinear motion:

Ql

Ql

The curvilinear motion is characterized by a curvilinear trajectory which requires knowledge of the

radius of curvature R and the center C.

11.5.1. Frenet basis (Intrinsic basis):

The base denotes the intrinsic coordinate system at for any point from the path (u,,uy) where:

(u,) Represent the normal unit vector and oriented towards the center of curvature.

(uy) Represent the tangent unit vector and oriented in the direction of motion.

The velocity and acceleration vector is tangent to the trajectory and is as written:

d5(t)

g8

ds(t)
dt Uz

S(t)=RO(t) =V(t)=R

= V(t) = Ro(t)iiy = Rw(t)U,

Where dS is the curvilinear abscissa.

For the intrinsic coordinates, we perform the same steps, only we replace the unit vectors as

follows:

—

U, = —uUy and Uy = U,
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The acceleration vector is as written by:

a(t) =ayiy + agi, = =, + %vZﬁN
pP=R
V — Rw =\ dw(t) — 2 —
= a(t)=R U; + Rw*“(tHuy
_de dt
Todt
a, — d[v|
t ™ a4 ay = RG?
By: dtz =N .
_v a, = RO
ay = ?

So, |a] = ’a,zv+af

Where, a, is the Tangential Acceleration. Associated with the changes of the magnitude of
velocity.

ay is the Normal Acceleration. Related to the change in direction of velocity.

Hence:
v . . . .
o= R with R is the radius of the curvature of the trajectory.

11.6. Circular motion:

The circular motion is a movement whose trajectory is a circle of constant radius R. The equation
of the trajectory is as follows:

R is constant, the speed is following the trajectory, so it is written = vu so the vector u would be
following the tangent.

e Position vector:

Since the trajectory is a circle, the object can be located using polar coordinates:

—  (r(t) = R = Constante
o ="V =) a(t)

—

OM = r.u, = Ru,
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e Velocity vector:

dOM OM du,
v(t) = R o

e Ru) = e +R— e = ROug
v(t) = ROup
de . , ,
F7ie 0 = w: is the angular velocity
v=RO = Rw

e Acceleration vector:
For the instantaneous acceleration vector in polar coordinates is as given follows:

2

R dv(t) d d 9 diig
a= dt ( 9 9) R— d RHW
We have:
di, . do
de . de
dv(t ) B

0: is the angular acceleration.

11.6.1. Uniformly Circular motion:

In this case, the angular velocity  is constant and therefore the linear velocity v is constant, then
ar =20

V (t) = Cst = Rw(t) = w(t) = Cst

dw(t) _

dt
y = Rw?

- ap =
a=4{ "¢

Or

a, = —Rw?(t)
dew(t) B
dt

=1
Il

ag =

The acceleration in this case is:

al
I
al
=2
I
TS
=1}
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11.6.2. Uniformly variable circular motion:
In this case, the angular velocity o is not constant and therefore the velocity v is not constant then

a = aT_ﬁ+ aN_ﬁ

The acceleration in this case is:

dv—>+v2_) Rdw_’+R -
—Uu —n= —Uu w™n
dt R dt

11.7. Expression of velocity and acceleration in different coordinate systems:

—
a=

11.7.1.Cartesian coordinates:
R (x,y,2) is a director the normal coordinate system with base (Y,T,E) the point M is located by

OM = Om + mM = xI + yj + zK
The position of point M is given by its three Cartesian coordinates (X,y,z) such that

x = abscissa of M;y = ordinate of M; z = altitude of M

The vector of position, velocity and acceleration are written according to the cartesian coordinates
as follows:

e Position vector:
OM = xI + y] + zk

e Velocity vector:
B dOM =g = i e = o = i =g =4 7
v=7=xl+y]+zk=xl+y]+zk=vxl+vy]+vzk
e Acceleration vector:
dv d?OM
= —= —2 = Xl

FTRRPT, + ¥/ +ik = a, i+ ayj + ak

Ql
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11.7.2. Polar coordinates:

We can locate the position of the point M by a coordinate r (distance between the origin of the
mark and the point M) and 0 oriented angle that the vector ¥ makes with the abscissa axis (OX).

The data (r, 0) called polar coordinates, the basis of the polar coordinate system is formed by two
unit vectors (i, ug)

_
OM =7 = ru,

U,: Unit vector following the direction of the position vector OM
Uy: Unit vector perpendicular to i, by rotating /2 of the vector OM

Where: Y
x = rcos(8) Ug ™
y = rsin(0) » w T
e
e
{ﬁr:c050?+sin0f "
Uy = —sin 67 + cos 6] /
//
i
—,:~ - -y
0 I

e Velocity vector:

To find expression for the velocity vector v(t), we differentiate the expression for the posision
vector OM with respect to time

. dOM d  _ _ dr_  du,
v=W=E(rur)=Eur+rdt
du, L dg o, d6 du, . do
dt=—L-sm9-E+]cos€-E=u9-E:> ar - % ar
du, . e ., . do L do duyg _, do
Wz—]-cos@-E—]-san-Ez—ur-Ezwz—ura
The velocity vector according the polar coordinates is as written by:
. du, _ dr _ dr_ deo _, o .
v=r=rﬂ+uraz>vzaur+rau9@vzr-ur+r-9-u9

e Acceleration vevtor

To find expression for the acceleration vector a(t), we differentiate the expression for the velocity
vector ¥(t) with respect to time.

- dv
a(t) = E
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We have:
Q) = d (dr_, N de _, )
A =qe\ae T g ve
d_>(t)_d2r_> +drdﬁr+drd0_) N d?o _, N do du,
M= T arar Tacac T T ae Y T e de

—

. duy
Now, we calculate the expression e

diy digdo dod i
At~ do dc deagl MO eos@)

du, do o } do _
We have & de (—cos(0)1—sin(0))) = — =7 Ur

The acceleration vector according the polar coordinates is written by:
a=v=t-—+7r-uU.+r-0-—+1r-0-Ug+7-0-uU
dt r dt o o

. . ., de_ . _ : _, de .
a=r-(ue-a)+r-ur+r-9-(—urE)+r-0-u3+r-0-u3
Ad=TUgh +7 U +7-0(—U.0)+ 1-0 Uy + 70U

a={F—1-0u,.+ (27-0+ r-0)u,
11.7.3. Cylindrical Coordinates:

Cylindrical coordinates correspond to polar coordinates in the (O,x, y) plane If we add the 'z’
component to polar coordinates in space, we obtain what is known as cylindrical coordinates.
Consider R(Oxyz) and a point M belonging to a cylinder.

Point M is identified by three coordinates p, 6 (polar coordinates), and z.

p: polar radius

0: polar angle

z: altitude or height

Where m is the projection of point M onto the plane (Oxy), and R is the radius of the cylinder,
and m is the height of the cylinder.
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Position vector The position vector in cylindrical coordinates (p, 6, z) in the orthonormal

frame R'(O, Uy, g, Tiz)

is written :¥ = OM = Om + mM
OM = pil,, + 7il,
= Om = pu,
mM = ziu,
U, =cosf-T+sinb-j
Ug =—sinf-T+cosh -]
i, =k

e

OM=1-p-cos@+j-p-sin@+z-k
e Velocity vector:

- doM
v(t)z—dt
T=p U, +Z U,=2V=T=—"=U,—-+p—

+U,—
d P dt dt Zdt
So, the vector of velocity is:

v = pu, + pOu, + zu,

The magnitude of the velocity in cylindrical coordinates is given by the expression:

szp2+(p-9)2+zZ
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e Acceleration vector :

()— L i, + pbiiy + 7ii
a dt dt (pup p ue Zul)

L _dv du,, U
a= d——p u,+p- d—+p 0 Ug+p-0-Uyg+p-0- d—+z u,
Applying Newton’s notation, and recalling the following relationships:

dup __, do du, ., deé

e Ode’ At Pt

Then the expression for acceleration in cylindrical coordinates is given by:

—

- dv . C o .. . s .
a(t) = - (P — p0°)u, + (p0 + 2pB)uy + zZu,

So the components of the acceleration vector in the cylindricalnbase are:

= p — pb?
ag =2p0 + 10
a,=12

11.7.4. Spherical coordinates:
The unit vectors determine the spherical basis (i, 179,17(,,) such that:
@: is the angle between the position vector OM and the Oz axis.

6: is the angle between the vector OM and the Ox axis.
m: is the projection of M in the plane (0,X,y).

( r=|oMlo<r<R Y =
4 A M(p.6,9)
{ez (ox)Om)O<(p<21t / osesgy/ |\
lo=(eaom)o<o<n | 2
[ o H )

e Position vector: i
The position vector in spherical coordinates (r, 8, ¢)is written as:

—_— N

T=0M=ru,
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e Spherical basisasa function of the Cartesian basis
x= |07ﬁ| cos 6
y= |07r£| sin6
z = [mi]
By taking the right triangle (OmM)
We have : Om = r sinp and mM = rcos ¢,

replacing them in passing relation ships we will have

x =rsin ¢ cos 6
y =rsingsinf
Z =r1Ccos ¢

En utilisant les relations entre les vecteurs: i, g, U,
U, = sin6 - cos @i+ sin 0 - sinpj + cosk

— . = -

U, = —sin @i + cos @j
Ug = cos 0 - cos Pl + cos O - sinpj —sink

e Velocity vector:

~ dOM

v(t) =~
. doM d dr_  du
B0 = = g ) = o s

du, du;df _I_du_.,,'a'(p
dt df dt de dt

_—

1, = 6 [cos 0 - cos @i+ cos 0 - sin @] — sink] + @sinb[— sin T + cos @j]

g i,

Avec:
U, = Gy + g sin G,
Substituting in to the velocity equation, we obtain.
U = 7, + rOu, + (rsin)@u,

Then the three components of the velocity vector appear as follows:

V=7 v V,=>>V=—U r—u rsing—u
rT et e dt ' dt ° dt ¢

e Acceleration vector :
. dv
t) =—
a(t) 1
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— d_ﬁ d «.— . N> . —
i=—=— [, + (rsin @)0uy + r¢u,, |

aT
- — 2 2
a=|a ,”a”: /a%+a9+aq,
Ay

d=(i—10%—r@*sin?0)u,. + (rd + 210 — r@? sin O cos 0)1, +
(r@sin6 + 2r@ sin @ + 2r@6 cos 0)u,,
The acceleration components in the spherical basis are:
a, =7 —1r0% —r¢*sin’6
a= ag =10+ 270 — rp? sin 6 cos O
a, =r{sind + 2@ sin0 + 2r@6 cos 6
11.8. Relative Motion:
11.8.1. Change of Reference Frames:

The study of the movement of a particle in all of the above was in a fixed (absolute) frame of
reference R.

We can also choose another frame of reference R' in motion relative to the first, and determine
the position, velocity and acceleration of the mobile.

-R (0, i, j, k) fixed reference, which is called absolute reference.

-R'(0',i', j', k") in any movement relative to R which is called relative reference.
- The movement of point M relative to « R » is called absolute movement.

- The movement of « R' » relative to « R » is called entrainment movement.

To determine the vectors: position, speed and acceleration, we have different methods: direct
method and composition method.

R '(Mobile)
7
R (fixe)

-+ N
L OM

Representation of a relative motion
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Let the first frame of reference R (O, xyz) defined by the vectors (Y,T,E). We consider it fixed and
call it the absolute frame of reference. In R, we define:

e position vector:
OM = xi + yj + zk
Absolute velocity: which is the velocity with respect to the reference R.

L o_doM _ . . o
va=7=xl+y]+zk

Absolute acceleration @, : which is the acceleration with respect to the reference R.

— d"_ja
= \"qr
d?oM

> dy = —3 = XU+ yJ + 2k

Let the second frame of reference R’ (O’, X’ y’, z’) be defined by the Vectors(ﬁ, 7, P) Itisin
motion relative to R, so we call it the relative frame of reference. In R’, we define:

+ Position vector:
OM=xV+y] +2z'k
+ Relationship between positions:

OM =00"+0'M
XI+yj+zk=00"+xT +y') +z'k'
+ Relationship between speeds:

doM _ doo’ 4 do'M
dt  dt dt

. do0’ d, - - -
Vo =—7; +E(Xl +y') +2'k")
dr. dy. dz. dv'o dy'o dz'e; dOO i djf dk
— - S —_ ¥ I ] ] r_ WMt _
ac T T Tat e Tt frae T ae T a T ar
! |

Fa(f].' Absolute Velocity I_r"rl-[[:l : Relative Velocity FEIC[} : Training Ue|g¢it1..l

11.8.2. Theorem of Velocity Composition:
The absolute velocity vector is equal to the sum of the entrainment and relative velocity vectors:

B,(M) =T, + B,

dii dif di o 7 doo’
i a T = =g

35



Chapter 11: Kinematics of material point

+ Relationship between accelerations :

d fdx_ dv_. dz. d fdx'— dyv'— dz'— d ((."{_'.'{_]'" di’ dj’ d f)
——i+—T4+—k|=——i"+ i —k )+ ——|—t — 4y —4+ =
de\de = de’  dt de\ dt dt’ = dt de \ drt dt ' dt dt

d3x_ d?y_ d%*z. dix'_, N dx' di’ . dzy’ =, dy’ rf? N d?z' _, N dz’ dk’
" r = !.l' — - - 1
a2 T/ tge = ae Tacac a2 Y acar Tae ¥ T de
d2007 dx'di’  d%  dy'dj ,d% dz'dkdZK
+ + X' = —+y

R P __+ R
az Taat e Twat Y aetacactiae

d*x . d*y_. d*z. :
. = i i Absolute acceleration
Ta n‘rzH dr3;+rﬁ2k

. dix L diy' . d2

a, = i' + i+ k' Relative acceleration
Tode? drz ’ dt

. d*o0’ d% 4% d*K

d, = =4 X' =+ Training acceleration
Q=g TXGEtY Gt P ge o
dc = ('f_x'd_',,d_—"'d_f,r 'f_zﬁ) Coriolis acceleration

dt dt dt dt dt dt

11.8.3. Theorem of Composition of Accelerations:

The absolute acceleration vector is equal to the sum of the entrainment, relative, and Coriolis
acceleration vectors:

dq = d, +de + d,
a,: represents the entrainment acceleration, is the acceleration of a point A, fixed in the moving

reference frame ‘R’, as observed from the absolute reference frame ‘R. It takes into account the
second derivative of the position vector of the point coinciding with A with respect to time.

a,: Relative acceleration represents the acceleration of a point M as observed from the moving
reference frame R'.

a,.: Coriolis acceleration represents an additional acceleration component caused by the change in
the orientation of the moving reference frame ‘R'. It arises due to the relative motion between the
reference frames and often encountered in systems with rotation.

Remarks:

This relationship remains valid for any vector, in particular for unit vectors. 7,7 and k We then
write:

ai_ o4 Ak s
dt—(D 1, dt—(D ] an =W
w is called the rotational velocity vector; it corresponds to the rotation of the axes of R" with
respect to an axis whose direction is defined by that of w. Note that w does not correspond to the
rotation of O' in R.
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L do0' ,di ,dj' ,dk doo’
—— ‘}P_ —

V=2 ar o _uve jﬂhﬁ T AT **A?
W +rdr+_ dt+z 2t ar -|—\1rm F+yvowAj+zw ]

Rotational
Translation
_  doo’ _ . .
v, = It +oANXT+Y'T+2'k)
. doo’ .
. = +wAO0O'M
dt

(dxf.:ﬁf dy' dj’ dz'dk‘) o WY A
drde dede aede/) " \ae N Tac M T

23 A dx’' dy' - dz'k;
oMY Yar

ac

dr=2w AV,

—
—

23 = — -3
For @, d*_i(d_*)_i~ N4 o o A dd
767 = 2 \dr _dt(cuhx)—dr.’u +m)\dr _drﬁ\a +w."\(mf'\r)

Special cases:

= IfM fixed in R, B, = 0 = B,(M) =V,
= IfR’is fixed relative to R, B, = 0 = B,(M) = D,
— _ 007

* IfR’ in translation movement relative to R, @ = 0= Ve =~

= IfR’ in rotational movement relative to R = ¥, = @, /gy A O'M
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Proposed exercises about chapter |1

Exercise 1:
The motion of a point M is as given by the following time equations:

x=t
y=2t2+1
z=-3t

- Determine the vectors of velocity and acceleration of particle M.
Exercise 2:
A particle is in motion and is accelerating, the functional form of the velocity is:

V (t) =20t-5t% (m/s)

1- Find the functional form of the acceleration.

2- Find the instantaneous velocityatt =1, 2, 3, and 5 s.

3- Find the instantaneous accelerationatt =1, 2, 3, and 5 s.

Exercise 3:

The position of a particle in (oxy) plan as a function of time in SI units is:
# {x=t and y=>t2}

1- Find the trajectory equation then plot it.

2- Write expressions for its velocity and its acceleration and deduce the magnitude of the both as
functions of time.

3- Find the intrinsic components (tangential and normal) of acceleration.
Exercise 4:
The position of a particle in (oxy) plan as a function of time in SI units is:

x=t
_ 12
Yy =3

1- Find the trajectory equation then plot it.

2- Write expressions for its velocity and its acceleration and deduce the magnitude of the both as
functions of time.

3- Find the intrinsic components (tangential and normal) of acceleration.
Exercise 5:

The motion of a body is as defined by the following velocity components:
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Chapter 11: Kinematics of material point

{vx = Rwcos(wt)
vy, = Rwsin(wt)

Knowing that o is constant and at t= 0, the moving body is at point M (0, R).

Determine:

1. The components of the acceleration vector and its modulus.

2. The tangential and normal components of acceleration, and deduce the radius of curvature.
3. The components of the position vector and deduce the equation of the trajectory.

4. What is the nature of the motion?
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Correction of exercises about chapter |1

Exercise 1:
1) Velocity:
dOM
b=——=dl+]+ 2k = vl +v,] + vk
r dx
T, —E =
dy
YT 3 3 T rd 2% - = v, =— =4t
OM=xi+yj +zk =8+ 2t°j +3tk=2v={"7 " 4t
U, = E =

i
v=i+4t -3k

2) Acceleration:

—*_n’.t':'_.—.*_'_.—.*_'_ .1E
i —?— (2] U}.j [FS

r dx
.

g, = — =
*oxt

dy

=a=+"% T gt
dz

v, :E:ﬂ

4

\

al-

al
I
L

Exercise 2:

1- The acceleration is the derivative of velocity with respect to time:
a (t) =dVdt=20-10t

2- The instantaneous velocity at different times: Given velocity function:
V (t) =20t—5¢t% (m/s)

Att=1s: V (1) =20(1) -5 (1)*> =15 m/s

At t=2s: V (2) =20(2) -5 (2)> =20 m/s

At t=3s: V (3) =20(3) -5 (3)* =15 m/s

At t=5s: V (5) =20(5) -5 (5)* =25 m/s

3- The instantaneous acceleration at different times:

a (t) =20—10t (m/s?)

At t=1s:a (1) =20—10 (1) =10= 10 m/s?
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At t=2s: a (2) =20-10 (2) =0 a (2) = 0 m/s?
At t=3s: a (3) =20-10 (3) = —10 m/s?

At t=5s: a (5) =20—10 (5) =—30=—30 m/s?
Exercise 3:

1- The trajectory equation: y = f(x) & y ==x

>

. the trajectory is a parabola.

2- Welocity and acceleration:

N ===1 .
Tod > | =i+
_d_,
¥ dt
dV,
. a‘*_dt_ﬂ L .
a =|al =1 (m.s™%)
dav,
{I_.,.=dt'_=l.

3- The intrinsic components (tangential and normal) of acceleration:

. — t V¥ 1
a’=a;®+ay® = ay =/ —a® = |'1—( ) =
v

Tangential accelerationa.

d[f] e
T N

MNormmal accelerationa,, :

Exercise 4:

v1+i2

1+t

!

1) - The trajectory equation: y=f (x) ©®y = %xz , the trajectory is a parabola.

2) - Velocity and acceleration:

41
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Chapter 11: Kinematics of material point

3) - The intrinsic components (tangential and normal) of acceleration:

- Tangential acceleration ar:

_dy] ¢
dt  1+¢2

- Normal acceleration ay:

- ] —_— —_— —_—
a=day +£1‘..~ = OpUy +{INHN

| £\2 1
a*=ar*tay® = ay=Ja—at = |1_(1.fl ) Vit e
N 1+t v1+t-

Exercise 5:
1) The components of the acceleration vector and its modulus

a, = d;r" = —Rw*sin (wt)
a, = % = Rw* cos(wt)
[a] = /(—Rw?sin (wt))? + (Rw?cos (wt))? = Rw®

2) The tangential and normal components of acceleration and deduce the radius of curvature.
- Tangential acceleration:

[7] = ;,-'r{Rcums(cut)}: + (Rwsin (wt))? = Rw
_ dv B dRw
T dt dt

- Normal acceleration:

ar Z?{I.T:ﬂ

2
v
ay=—=a= Rw? and ar=0

- Radius of curvature is R:
g R
ay Rw?

3) The components of the position vector:

dx
t[1;Jr = Rwcos(wt) | gr Racos(wt)
oL =
vy, = Ruwsin(wt) dy .
— = Rwsinfat)

dt
dx = Rwcos(wt)dt
= {d}! = Rw sin (wt) dt
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x° +y? = R%*sin*wt + R cos*wt = x* + y* = R*

’de :wams(cut)dt

J dy=R f w sin (wt) dt

x = Rsin{wt)

ly = —R cos (wt)
- The trajectory equation:

Chapter 11

4) The nature of movement: The motion is uniformly circular.
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Chapter I11: Dynamics of a particle

I11.1. Generalities:

In physics, dynamics is the science that studies the relationship between a body in motion and
the causes of that motion. It also predicts the motion of a body located in a given environment.
Dynamics, more precisely, is the analysis of the relationship between applied force and changes
in body motion.

111.1.1. Concept of Force:

Motion is the result of the interaction between the particle and its environment. This interaction,
called force, is characterized by the properties of the particle (mass, charge, dipole moment,
etc.) and by the nature of the environment in which it is placed. We have seen that in physics,
force is intuitively perceives as a quantity that reflects interactions between objects. It is a cause
capable of producing or modifying the motion of a body, or causing its deformation.

There are two main categories of forces:

A- Contact forces: friction forces, tension forces, etc.

B- Forces at a distance: gravitational forces, electric forces, magnetic forces.
I11.2. Principle of Inertia (Newton's First Law):

111.2.1. Free Particle:

A free particle is one that is not subject to any interaction. Such a particle does not truly exist
because it must be alone in the universe! (Isolated particle). Nevertheless, we can assume that
a particle sufficiently far from others is isolated. If the resultant of the interactions applied to a
particle is zero, we say that it is pseudo-isolated; it behaves like a free particle.

111.2.2. Statement of the Principle of Inertia:

Galileo was the first to suggest this principle. It constitutes Newton's first law and is as stated
as follows:

"Any free particle remains at rest or in uniform rectilinear motion in the absence of any forces
acting upon it."

This first law can also state as follows: ¥ F = 0
If no force acts on an object, or if the net force is zero,
111.2.3. Inertial or Galilean reference frame:

The reference frame of the earth is not Galilean because of its orbital motion and its movement
around the sun and its own rotation around its axis. However, in the vast majority of
experiments, it is as considered a Galilean reference frame because we do studies with low
times.

111.3. Newton's laws of motion:
3.1. The momentum:
The vector given by defines the momentum vector of a point mass m moving at velocity v

—

P =mv
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The unit of momentum in the International System of Units is the kg.m.s™.
The principle of inertia can then state is as follows:

"A free particle moves with a constant momentum in a Galilean frame of reference.”
I11.4. Newton's three laws:

111.4.1. Galilean principle of inertia (Newton's first laws):

Newton's first law, also known as the law of inertia, states that any object continues to move at
a constant speed in a straight line, or remains at rest, unless an external force is applied to it. In
other words if the material body is not subjected to any force, it is either in uniform rectilinear
motion, or at rest, if it was initially at rest.

For a particle, the principle of inertia thus states: A free and isolated particle moves in rectilinear
motion with constant velocity".

111.4.2. Newton's second law (Fundamental Principle of Dynamics):

In a Galilean frame of reference, the sum of the external forces applied to a system is equal to
the derivative of the momentum vector of the center of mass of that system.

ﬁ_dﬁ
Cdt

This equation is as called the "equation of motion»

L_dmb_ L dv_dfi_dv
“Tar T Mac TV T Mar

So, F = ma

This is because the mass m of the moving particle is constant (as is often the case in
Newtonian mechanics).

In general, Newton's second law for a moving particle can written as:
YFext = mad
In the S.1. system, the unit of force is INewton=1N=1kg.m.s2.
111.4.3. Newton's third law or principle of action and reaction:
A force acting on an object is always due to another object in the surrounding environment.

Newton’s third law shows that: if body 1 exerts a force, an F,,; on body 2then body will exert
an equal and opposite force F; /, on body 1. That is:

& . A . . .
dt 21 dt 12 12 21
Fap Jr31/2

L@ o
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I11.5. Classification of forces:

111.5.1. Forces at a distance:

The body, which exerts the force, is not in contact with the one on which it acts. There are
three kinds of forces at a distance:

111.5.1.1. Law of Gravity:

Newton’s law of gravity states that every particle in the universe attracts every other particle
with a force that is directly proportional to the product of the masses of the particles and
inversely proportional to the square of the distance between them. The magnitude of this

gravitational force is as given by:

- - msm
[Fo2|| = [[F2i]| = G 1rz :
= =
Fi; Fyq
—>
< r >

where G is a constant, the value of which is experimentally determined to be:
G: the gravitational constant, G = 6.67.10** [m®kg.s?]
Near the earth, the force of gravitation is what keeps objects on the ground.

111.5.1.2. Weight of a mass:

Consider a point mass m, in gravitational interaction with Earth. The latter acts on the mass
with a force that we called the weight of the mass. Newton's second law allows us to define this

weight:
P=mg

LR

P =mg

g |Is the acceleration of gravity (terrestrial acceleration), g=9.80 m/s

111.5.1.3. Electric force:
Consider two electric charges g and g’ separated by a distance r. The electric force exerted by

gon q'is given by:
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Chapter 111: Dynamics of a particle

K: Is the universal electrostatic constant, g and q' the two interacting charges.

111.5.1.4. Gravitation on the surface of a star:

We can then specify what is called the weight of an object force that acts on a body. Between
two bodies of masses m and M, distant fromr, it force of attraction of magnitude

Fg

<GMT>
P =m- go=m-

_ GMy

9o = R72~

=m- g(r)=m

-

el

(57)

3
R

R7

\.

x‘! y

M- : is the mass of the Earth, equal t05.98 1034 Kg.
m: is the mass of the object

Rt : the radius of the Earth, equal to 6.37.10%m.

g : isthe norm of the gravitational acceleration due to the star of mass M.

If the body is located at a height h relative to the surface of the star of radius R, then :

P m.M
(R, + h)?

g
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go: is the gravitational acceleration gravitational acceleration on the surface of the star. Near the
earths, surface its value 9.8 m/s?

111.5.1.5. Kepler's third law in the case of circular motion:

The universal law of gravitation was established by Newton, relying in particular on Kepler's
laws, including the third law: “The square of the period of revolution of a planet in the solar
system is proportional to the cube of the semi-major axis of its orbit”.

T? = kr3

> kisa proportionality constant expressed in s2/m3. It is the same for all planets orbiting
the Sun.

» risthe mean radius of the planet's orbit. In the case of an elliptical orbit, it represents
the semi-major axis of the trajectory; for large planets, the trajectory is nearly circular and r
corresponds to the radius of the circle.

Indeed, the orbital velocity, necessarily uniform in the case of such a circular motion, is:

2nr
V=Wr=——
T
Moreover, knowing that we have equality of the centrifugal force with the centripetal
gravitational force:
r r
Around a spherical body of mass M, we have the following relationship between the orbital
period T and the radius of the circular orbit r of a satellite of very small mass m in front of M
(G is the constant of universal gravitation) :

el =

47212

TZ

M
=G—
r
Where:
4m?
=—7T
M
By identifying with Kepler's third law, we obtain the following expression for the constant k:
472
K=——
GM

TZ 3
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Therefore, we have:
r_GM
T2 4nm2
111.5.1.6.The Geostationary Satellite:

A geostationary satellite is a satellite that an observer on Earth always sees in the same spot in
the sky (it appears motionless relative to the ground). This characteristic is important for
telecommunications and broadcasting. The satellite orbits the Earth at the same angular velocity
as the Earth's rotation on its axis. As a result, its orbital period around the planet is the same as
the planet's rotation period. Consequently, the geostationary satellite follows a uniform circular
motion in a terrestrial. Frame with a period of T = 24 hours, and it lies within the Earth's
equatorial plane. Recall that the period is as related to the angular velocity by:

Newton's second law gives, in magnitudes:

_ Mrm
g rZ MTm _ mwzr
& rz
a=—=w’r

r
Where m is the mass of the Earth (5, 98-102*kg), and m is the mass of the satellite. So, r:

111.6. Contact forces:
The contact force is any force that takes place once we have contact between two flat surfaces.

111.6.1. Reaction of a support:

Consider an object placed on a solid support (horizontal surface). The object cannot penetrate
into the support: there is a force called the reaction of the support and denoted R or N, which
opposes it. This reaction is as applied to the object at the level of the object —support contact,
and its direction is orthogonal to the surface of the support at the level of the contact.

The object being in equilibrium: R+ P =0 = R = —P

R,

o

"

N: represents the resultant of all actions exerted on the contact surface.

111.6.2. Tension force:
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A tension force is a force developed in a rope or spring when it is stretchy by an applied force.
Tension is exerts along the entire length of the rope/spring in a direction opposite to the force
applied to it.

Tension can also sometimes called stress, strain, or strain.

~|

~l

I11.7. Frictional force:

The frictional force results from the movement of a solid body on a solid surface (solid friction)
or from the movement of a solid body on a liquid surface (viscous friction),

Whenever there is contact between two rough surfaces of two solid bodies, resistance arises
and opposes the relative motion of the two bodies. There are sevra types of friction:

Friction between solid bodies, which can be static or dynamic,
Friction in fluides.

111.7.1. Viscous rubbing:
In this type of friction, the force is proportional to the speed (Figure)

Friction Force |«— F = —kV ——» Object velocit 5
l, J y F <—O—> v

Positive constant

We give

K: Depends on the geometric shape of the body

n: Fluid viscosity coefficient, depends on internal fluid friction,

111.7.2. Friction force:

Solid friction refers to the action of a solid object (the support) in contact with the system being
Studied. These frictional forces exist only if:

» The system is moving relative to the support that exert the frictional forces (friction or
Kinetic friction). In this case, the resultant of the solid frictional forces opposes the system's
movement.

» The system is stationary relative to the support that exerts the frictional forces but is
Subject to external forces that tend to move it (friction or static friction). In this case, the
resultant of the solid frictional forces opposes the resultant of these external forces. It is
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therefore opposite to the movement the system would have if there were no friction. In the case
where solid friction forces exist, the reaction F of the support can be decomposes into

» A normal reaction to the support R which prevents the solid from sinking and which
Always exists as long as there is contact.

111.7.2.1. Static friction force:

Static friction is the force that keeps a body at rest even in the presence of an external force.
Where we have:

fs = usR
The body is atrest: ¥ F = 0
By projecting onto the two axes Ox and Oy:
F.cos6 — fs=0
F.sn@+R—P=0
So, we can write: f.cos® and R=P —F .sin6

e The coefficient of friction is as called static when the body is stationary.
e The coefficient of static friction is a ratio between the static frictional force of an object
and the normal force, and is written as follows: p, = tan a,

E

Hs R

Us: Coefficient of static friction.
R: the reaction force, which represents the normal component of the contact force.

The static maximal is calculates by:
[smax = Us R= ps (P — F sin0)
111.7.2.2. Kinetic friction force:

Kinetic or dynamic friction is the frictional force present when an object is in motion on another
object.

Here the kinetic friction force becomes f,; = u4R

By applying the fundamental principle of dynamics (Newton's second law), we have:

T
3
Qu

—

+ fd m_d

el

F+R+
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o=}

The projection on the axes (ox) and (oy) gives:
F.cosf — f;=m.a
F.sm@+R—-P=0
So, we can write:
fa=F.cos0 —m.aand R =P — F.sinf

o The dynamic friction coefficient is a ratio between the dynamic friction force of an object
and the normal force.

The coefficient of dynamic friction written as:

Note:

Experience has shown that the coefficient of static friction is greater than the coefficient of
dynamic friction pg > py.

111.7.2.3. Spring Restoration Force:

Consider a point M of mass m attached to the end of a straight elastic pendulum (spring). When

the spring stretches, a restoring forceF =- k(I — ly)H, proportional to this stretch and called
tension, is exerts on the mass:

The notations commonly used and important to know are as follows:

= Unloaded or unloaded spring: spring neither compressed nor stretched (no deformation).

= lo: Length of the spring at rest or unloaded.

= |: length of the deformed or stretched spring.

= K: Spring constant.

= Al Algebraic elongation of the spring, i.e., the difference between its current length |
(deformed spring) and its upstretched length lo.

= ji: Unit vector directed along the spring and oriented from the fixed end of the spring
towards the free end capable of movement.
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Where | denotes the length of the spring at the time considered at equilibrium, we have:
Z_ﬁext = _6
mg—k(l—1,)4=0
mg =k(l— 1)

In motion, we apply the fundamental principle of dynamics: we choose the origin of the vertical
axis Ox at the equilibrium position at time t, and the displacement of the mass relative to its
equilibrium position is I(t) = lo + x. The projection of the fundamental principle of dynamics
along this axis leads to:

mg — k(l(t) — l,) = ma
mg —k(l— 1y, +x) =ma
—k(x)=ma=mi+kx=0
mx +kx =0
We set k/m =w?, the differential equation of motion of the mass m is:
i+ wix=0
The solution of this homogeneous second-order differential equation is:
x(t) = A cos (wt + @)
A, @ are two constants to be determined by the initial conditions.

111.8. Angular Momentum of a material point (L )

Consider a point mass M rotating about a fixed point in the Galilean frame of reference R (O,
X, ¥, and z). Its velocity in this frame of reference is denotedv. The angular momentum of point
M with respect to a fixed point O is defines as the moment of its momentum with respect to O,
that is:

Ly =TAP
=>L,,=0M AmV

The angular momentum L, the cross product of the position vector OMwith the momentum

vectorP Am 'V, is a vector perpendicular to OM and to the velocity of the point: it is a quantity
perpendicular to the trajectory of the point M see figure.

54



Chapter 111; Dynamics of a particle

The unit of angular momentum is Kg.m=2.51

Special Cases:
The angular momentum is a vector perpendicular to the plane containing the vectors 7 and P.
e If the movement is circular with radius r, we will have

71 v andv = wr

~y

_ 2 - T o , T_ _ 2
o=TAmv=1L,=r. mv. sin_=rmv = mr-w

~

— M2
o = Mr<w

e For a curvilinear plane movement, we use polar coordinates, with pole O:

—

vV =7u, +rfuy
Ly=FAmB=mi AB=mi A (Fu, +10 Up) =mr220k=L, = mr226
111.8.1. Angular Momentum Theorem:

In many cases, it is more convenient to use the angular momentum theorem than Newton's
Second Law. The time derivative of the angular momentum of a point mass M with respect to
a fixed point O in a Galilean frame of reference (R) is equal to the sum of the moments with
respect to the same point O of the external forces applied to the point M.

dL;y  d(OM AmV)

dt dt
dL doM  \ [— d(mV)
/0
—=|—A M A
dt <dt mV>+<0 dt >
dL - (= dV)\ —  dV
/0
—E=(VvAmV MAmM——=)=0MAmM—
=>dt ( m)+<0 mdt) 0 m—

V It is collinear with m V ,which gives VAmV =0
The previous equation becomes

L — F F

> For the study of dynamical systems, these two theorems and the fundamental principle
of dynamics, denoted PFD, are generally used.
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» For a point mass rotating about a fixed axis, one can apply either the fundamental
principle of dynamics or the angular momentum theorem.
» In Cartesian coordinates, we obtain the following expressions:

Lig =m (yVi — 2V, )T + m (Ve — xV)] + m (xVy, — yVe )k
J'-_*I'}o(ﬁ) = m (yF, — zF, )1+ m (zF, — xE,)] + m (xF, — yF,)k
111.8.2. Moment of a force at a point:

Let be a particle M of mass m located at a point identified by the position vector ¥ = OM and
subjected to a force F. The moment of F relative to the point O is defined by :

OM,(F) = OM x F
ﬁ/o(f‘:) :O—Nl)/\l-:)
ﬁ/o(ﬁ) = 6 = i)./o = CSte.

e If the force F is parallel to OM then it has no effect on the rotation of M.
e If the force F is perpendicular to OM then the moment of the force is maxi

The unit of the moment of a force is the N.m
111. 8.3. Application:
» Simple pendulum:

We consider a material point of mass m connected to a fixed point O of a Galilean reference
frame by means of a wire of negligible mass and of length L.

The motion of this simple pendulum is assumes to occur in a vertical plane. The mass m is
subject to two forces.

The motion of this simple pendulum is assumes to be in a vertical plane. The mass m is subjects
to two forces: its weight P and the tension in the string?.

Since the motion of M is planar, we have two unknowns, p (t) and 0 (t), which are the polar
coordinates of point M with point O as the origin and the downward-pointing vertical axis as
the polar axis. In our case, it is clear that with the string taut, p (t) must equal L.
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Therefore, only one unknown, 8(t), remains, which can be obtained using either the fundamental
principle of dynamics, the conservation of total mechanical energy (because, fortunately, the
tension in the string does no work), or the conservation of angular momentum.

U, cosB

Ps

The forces applied to the mass m are the weight P and the tensionT, their expressions in the
polar coordinates is given:

_—

OM = lii,
T = -Tu,
P = Pii, + P,
Pu, Py

P =P cosO i, — P sin 0 iy = mg cosO U, —mg sin 0 iy

The equation of motion for a simple pendulum @ (t) using the theorem of angular momentum

dL S
0N i fo(F )

And

M/0(F,.) = M/o(P)+M/o(T)=0M AP +OM AT

L/o = 0M Am¥ = (lii,) Am(16%y)
= L/o =ml26(i, A1ly)
U, N, =0
Such as: {f ol
U-Nug =k

= L/o = ml%0k

On the other hand, we have:
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{M’/o(ﬁext) = OM AP = (lii,) A (P cos@ 1, — P sin 01i,)
M/o(F,.) =0MAT = (li,) A (—TH,) = 0
M/0(Fop) =OM AP +OM AT = (1i1,) Amg( cosO i, — sinf 1) + (1i,) A (=T1,)
= ﬁ/o(?ext) = —-mglsin @ k
So the equation: d:—io =Y M/0(Fsy)
i 2/ — _ . —
= (ml?6k) = -mglsin6 k
= ml?0 = —mglsing = 16 + gsin = 0
=0+ %sin@ =0

For small oscillations, we have: sin@ ~ 0

:é+%0=0
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Proposed exercises about chapter 111

Exercisel:

Calculate the gravitational field of a body of mass m:
1) On the surface of the earth,

2) Ata height h from the earth.

my = 5.98%1024kg, the mass of the earth
R;=6.37%106 m the radius of the earth.

Exercise 2:

Consider a small block of mass m abandoned without initial velocity at point A of an inclined
plane at an angle a=30° to the horizontal. Point A is at height h.

1- What is the value of the coefficient of static friction ps that keeps the mass in equilibrium at
point A.?

Exercise 3:

A block of mass m ascends along a plane inclined by an angle a, with respect to the horizontal,
with initial velocity vo, and coefficient of friction ..

1. Determine how far the block travels before coming to rest.

2. What is the maximum value that the static friction coefficient p, can take for the body to
remain stationary.

3. For a value of the dynamic friction coefficient u.lower than the maximum value found in
the second question, what is the velocity vi of the body when it returns to its starting position?

Exercise 4:

A piece of ice M of mass m slides frictionless over the outer surface of an igloo, which is a half-
sphere of radius r with a horizontal base.

Att=0, itisreleased from point A without any initial velocity.

1- Find the expression for the velocity at point B, as a function of g, r and 0.

2- Using the fundamental relation of dynamics, determine the expression of |IV| the reaction of
the igloo on M at point B as a function of velocity V.

3- At what height does M leave the sphere?
4- At what speed does M arrive at the axis (Ox)?
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Exercise 5:

A block of mass m; assimilated to a material point can slide on a horizontal surface with a
coefficient of kinetic friction pg one of its ends is as connected by an inextensible wire of
negligible mass passing through a pulley of negligible mass connected to a second mass mo.

A force of modulus F is as applied to mz at an angle 0 to the horizontal. Find the accelerations
of the two masses.

Exercise 6:

A material point M with mass m vibrates around a horizontal axis OZ perpendicular to the
vertical plane (OX, OY) of the depicted movement. It position is defined at each instant by its
Cartesian coordinates.

Calculate:

1) The moment of the weight vector P with respect to point O, and then with respect to
the axis OZ as a function of x, g, and m.

2) The angular momentum of point M with respect to point O, and then with respect to
the axis OZ as a function of m, X, y, x and y

3) Find the equation of motion by applying the theorem of angular momentum to point
M.

O

X

M
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Correction of exercises about chapter 111

Exercise 1:
1- On the surface of the earth:

m, m m,
FE=G—F=mg=g=06—7
L Lr
_ —11 59Ex10¥ —2
g = 6.67 =10 eaTx10bE = 9.82 m.s
g=982m.s°

2- At a height h from the earth.

Fo=6— mg—g'=G—
& (rr+h}2_m‘g §= (r, + h)?

F,=6—2
¢+ n)?

Exercise 2:

What is the value of the coefficient of static friction ps that keeps the mass in equilibrium at
point A?

(Oy)

=]

Zﬂ'zﬁ =N+f+P=0=R+P=0
Following (Ox): £+ p;=0 = f=m g sina
(Ov): N- py=0 = N=m g cosa

The maximum value that the coefficient of static friction ps can take is tga.
We have

fe m g sine
tgp =5 = Hs = o oen — L9T

Exercise 3:
According to the fundamental principle of dynamics:

SF=ma=p+R=p+N+f=md
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1. Distance traveled before stopping

Acceleration along the plane:

a=-g (sin (a) + u_ccos (a))

Using kinematics:

vi=v’+2ax

0 =vo?-2g (sin(a) + u_c cos(a) ) x

Final expression:

x=vo?/ [2 g (sin (a) + u_c cos (a))]

2. Condition for equilibrium (static friction)

mg sin(a) <u_sm g cos(a)

u_s >tan(a)

3. Velocity when returning to the starting point
Energy relation during descent:

vi?=2gx (sin (@) - u_c cos (a))

Substitute x:

x=w?/[2 g (sin (a) + u_c cos (a))]

viZ = vo? X (sin (a) - u_c cos (a)) / (sin (a) + u_c cos (o))
Final expression:

vi =vo\ [(5in (0) - 11_c cos (a)) / (sin () + p_c cos (a))]
Exercise 4:

The point at which the point leaves the sphere
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E?=m&:>ﬁ+ﬁ+f=m&

A (N)
Y
N
R
6 (T)
>

Followig (N): N-pyw=-may=N-m gcos 6=-mv' /R (**)

Following (T): pr=m.ar = m g sin 8=m (dv/dt) (*)

dw duw d?e . de
v=Rw=—=R—=R— with w=—=
dt dt dt? dt

6-andar =R6 =R
Equation (*) 15 multiplied by &

g 'E—B'Rdﬂ. 0 s B—E'Rd&
=6 gsinf = G 0 g esin®= pn

8 8
then d6 gsin® = 8Rd6 :gf sinBdb = Rj gder
o o

8= v?
g(l—cosB) = RT:r 2g(1 —cos0) = R because v = R26~°

= vZ = 2(gR — gRcosf)

The speed at point B is:

vs = 29R(1 — cos6)
1- The expression for the reaction of the igloo on M
N= mgcos—may=m(gcost —2g(1 —cosf))
=N= m(3gcosf—2g)
-The material point leaves the half-sphere at point p, so N=0

N={= mg (3 cos8;, —2) =0s0 cosB, =

oa | La

The height h at which the material point leaves the half-sphere is:
hy=R cos 6=2R

1- The velocity of the material point at this point:
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VE
2g(1—cosf,) = Epza vi = 2gR(1 — cosB,)

2
vp = /2gR(1 — cosBy) = 3Rg

Exercise 5:

The findamental principle of dvnamics is applied to the masses my and m; ¢

i C, F
o H &

g g

For system m; :

E.g=mﬁz:-ﬁ+ﬁ+ﬁ+ﬁ=ml&{l}

For system m, :

TF =mz§=}p_;+ﬁ=m a (2)

The pulley with negligible mass, so T,= T=T

Projecting equations (1) and (2) onfo the direction of motion gives:
—C;+FcosB-Ty=mya (3)

and

Ty—m g=mya ()
Projecting equation (1) onto the direction perpendicular to the motion gives:
Cy=m g
And W=Cy/C=F:Ry=Ci=pam g (5)

Summing equations (3) and (4), assuming Ty = T; and equation (), we obtain:

_ Feos® —g(m; —p;m,)
- m, +m,

a

Exercise 6:

1) The moment of the weight vector P with respect to point O:
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To=(OMAP I L
p=D,+D,=mg.] 0 mg 0
Tp = mgxk

- The moment of the weight vector P with respect to the axisOZ = A :
Ty = Mgx

2) The angular momentum of point M with respect to point O:

-

-]
Y
y

l

l

U

o

Il
ST
o o Xl

Lo =m(xy —yx).k
-The angular momentum of point M with respect to the axis OZ:
Lo = m(xy — yi)
3) The equation of motion by applying the theorem of angular momentum to point M:
dL,
. . dt
m(xy + xy — yx —yx).k = mgx. k= xy — yX = gx

N
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CHAPTER IV: WORK, POWER AND
ENERGY

* Work Done = Force x displacement

W=F-d=Fdcos6

o Vector quantity, SI unit: Joule (J) i

o Maximum when 8=0°

o Zero when F L d (6=90°) or d=0

o Negative when F is opposite

tod (e.g., Friction) W = mgh (positive),
ﬂm = .#

lll. POWER (P)

) Power is the rate of doing work.

(50) Sl unit: Watt (W) 47 1hp=746W

@ Kowatt (W) @ KiloWatt-hour (kKWh)
- unit of Energy, not Power

Total Mechanical Energy
(E = KE + PE)
is constant

(in absence of non-
() conservative forces)

@

Principle of Conservation of Energy:
Total energy is conserved

o
°

2 Work-Energy Theorem: W, = AKE é

o Scalar quantity e Internal Energy
e Sl unit: Joule (J) e Electrical Energy e

IV. CONSERVATIVE vs.
NON-CONSERVATIVE FORCES

N

© Work done depends on
the path.

© Work done over closed
loop is not zero.

© Mechanical energy is
dissipated a5 heat, sound, elc

o Allows potential energy
to be defined.




Chapter IV: Work, Power and Energy

Chapter 1V: Work, Power and Energy

1V.1. Introduction:

The concept of energy is one of the most important topics in science and engineering. In
everyday life, we think of energy in terms of fuel for transportation and heating, electricity for
lights and appliances.

We first introduce the concept of work. A force acting on an object does work when the point
of application of that force moves through some distance. All motion under the action of

external forces F implies work by these forces. In other words, work supplied by a force moves
a body in its own direction and creates motion.

IV.1.1.Work performed by a constant force:

The work of a constant force F when it moves from point A to point B is as given by the scalar
product.

WAB:E‘)XE

A\

Where W, is work, its unit of measurement is the joule.

AB Is the displacement vector from point to point
Using the definition of a scalar product, we can write

w; = F.AB = F .AB cos a

@ is the angle between the two vectors F and 4B.
Note:

1- The work of the force is not relates the path followed, that is, the work W, of the force F
has the same value regardless of the path.

2-1fAB B F then W,5(F) = 0

3- If W 5 > 0, we say that work is a motive, and this is when0 < a < 90°.

4- If W45 < 0, we say that the work is resistant, and this is when90 < a < 180°.
Unity of work in the system MKSA is « Joule ».

IV.1.2.The work performed by a variable force:

If the force varies in intensity and/or direction during displacement, and if the displacement has
any form whatsoever, we need to use integral calculus to generalize the definition of work. The
work of a force depends on the path followed, which is why this elementary work is necessary.
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dW =F-d¢=F-dl
The total work during the elemental transition from point to point is the sum of the elemental
works . In addition, we write

B T'B_)

A ra
We use this relationship if the force and elemental displacement is defined follows
{ F=FEi+EJ+FEk
dt = dxi + dyj + dzK

Z —

Ma dr
F

0 > Y
A

So,
dW =F - df = F,dx + F,dy + F,dz
The elementary work dW performed by a forceF ona point mass m during an elementary
displacement dr=dl is given by
dW = F - dt = |F|.|d¥| cos(F, dr)

—_

dr

T

IV.2.The power:
Let a point M move along its trajectory at a velocity v (M) relative to the reference frame of
study, it experiences a force F (M) as shown in the figure opposite:

The power of a force F is the work per unit time.
We have two types:

We know the instantaneous power by the following relationship:

67



Chapter IV: Work, Power and Energy

dw
P="ar
We know the average power by the following relationship:
Aw
Pavr = At
Then the instantaneous power of the Fis
P(F) = ‘f:r = lF';lltdr' = F-B(M) = ||F|| x [BM)]| x cos a

I1V.3. Energy:
Energy, in physics, is the capacity for doing work. Energy is not a material substance.

Energy can neither be created nor destroyed it can only be transformed from one form to another
energy

IV.3.1. Kinetic energy:
We apply the basic principle of motion with the expression elemental work.

We have dW = Fd¥ and F = md = mz—f

From this expression, we can deduce the following:

dW = Fdf = m‘;—fd? d7 = Bdt

In the end we find

Wap (ﬁ) = Emvé - Emvle

The %mvz is the energy associated with the motion of the particle called the kinetic energy of

(KE) thus, if a particle of constant mass m is moving with a speed v, its KE is a scalar quantity
defined as:

Ky = > mp?
=5 mv
The unit of energy is the « Joule ».
In addition, since p = mv, we can write:
2
p
Kg=-—
E72m

IV.3.1.1. Theorem of the Kinetic Energy:

The variation in Kinetic energy of a material point subjected to a set of external forces between
two positions A and B is equal to the sum of the work of these forces between these two points.

AE, = E.(B) — E.(A) = YWa_p(Foxt)
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The theory of kinetic energy states that the change in the kinetic energy of a body between
positions and is equal to the work of the net force applied to the body. In addition, we write

AE, = ) W(F)
1VV.3.1.2. Conservative force and non-conservative force:

A force is said to be conservative if its work between two points A and B does not depend on
the path followed (W1, W2, and W53), but only from the starting point A and the ending point B.

Any conservative force derives from a potential function E,, (x, y, z) such that
F = —WEp(x, y,Z)
Examples of conservative forces:
Gravitational forces, elastic forces, gravitational forces...
= Force is said to be neoconservative when their work depends on the path taken
Example of non-conservative forces: Frictional forces.

IV.3.2. Potential energy:

By definition, the work done by conservative forces does not depend on the path taken but
only on the initial and final states. The work done by these forces can expressed using a state
function called potential energy E,

Potential energy is the potential function associated with the conservative force.

v’ Potential energy is the energy related to position.
v’ Potential energy is defined up to a constant; it is always referred to a reference frame

Taken as the origin to calculate it.
v The work of a conservative force is related to the potential energy by the expression:

B
WAB :f ﬁ'dF:EPA_EPB:_AEP
A

AEp = Epy — Epp
AW = —AEp = dW = —dEp
Ep a toujours une référence prenant ’exemple du sol Epg =0
Er = mg/, si le corps se trouve a une hauteur h du sol.
IV.3.2.1. Calculating the elastic potential energy:

From the previous example when we calculated the work of the spring’s return force. We have

got

F = —kxi
dl=dx-1
dw =F-di

dw = —dEp = —kx.dx = dEp = kxdx
b

1
E,(x) = —f —kxdx = Ekx2

0
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When F passes from a position x; to xz, we have:
xZ—-> — X2
w- =f F.dl =f —Kx dx
F X1 X1
1

= —EK(Xf - x{)

In the general case, we write the expression for the elastic potential energy of the spring
E,(Ax) = %ksz

1VV.3.2.2. Calculating the potential energy of a body under the influence of the force of

Gravity:

1VV.3.2.2.1. Potential Energy of the Force of Gravity:

Returning to the free fall example.

Since the force of gravity on the axis is non-existent.

Wasg(Fc) = —AE,

And W =mg(y, —y,) = mgh

So: Wy =—AE, = —(Eys — Ep;) = Epi = mg(z, — z5)

Because E is the reference potentiale nergy .

So: Ep =mgH

Epr to each other's previous reference to the same sample Epo =0

Er = mgh, if the body comes into contact with the sun
1V.3.2.2.2. Potential Energy of a Gravitational Force:

Consider an object with mass m moving under the influence of the gravitational force ﬁr exerted
by the Earth on it, which is as given by:

4 GMm GMm_, [, _ T
Foy =-S5t == (=)
-5 —_— dE "
F(r) = —gradEp(r) = — ;;f u
dEp(r) GMm _ GMm
:;T_? = dEz(r) =——dr
"GMm GMm
Ep(r) = I = dar = . + Cte

1VV.3.3. Total energy or mechanical energy:

The mechanical energy of a material point at a given instant is equal to the sum of kinetic energy
and potential energy:

ET:EK+Ep:Em
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Two examples:

» The potential energy of a system composed of a spring with spring constant k, whose
extension is equal to at time t, under the action of a particle of mass m and instantaneous

velocity v, is:
Ey = smv? + > kx?
M= va 2 X
» In the case of freefall:
1
Ey = Emv2 +mgz

1V.3.3.1. Mechanical Energy Theorem:

Based on the results of the relation, we deduce the following theorem: The change in
mechanical energy of a system between two points A and B is equal to the sum of the work
done by the non-conservative forces applied to the system between these two points.

AE = E(B) — E(A) = YW, _5(F S
Note:

Since non-conservative forces are resistive forces (their work being negative; W <0), the
mechanical energy of a system can only decrease over time.

IVV.3.3.2. Conservative System and Conservation of Mechanical Energy:

A system is said to be conservative if it is only subjected to conservative external forces Since
the system is not subjected to any non-conservative forces, frictional forces are zero or
negligible.

The system is also say to be "mechanically isolated".
I1V.3.3.3. Mechanical Energy Theorem for a Conservative System:

The mechanical energy of a conservative (or mechanically isolated) system is conserved over time
Conservative system = Ewv = K + P = E, = constant.

— _ — FNC) —
AE = E(B) —E(4) = ZWA—’B(F ex) =0, dE_ 0=This constitutes the principle of
AE =0=E = (S, a

conservation of mechanical energy.
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Proposed exercises about chapter 1V

Exercise 1:
Let a material point M be subject to a force field F.
F=(x-ay)T+@y-2x)]

1. Calculate the work of the force F for the displacement of M from the point O (0, 0) to the
point A (2, 4) passing through the point C (0, 4).

2. Determine the work of F for the displacement of M following a trajectory circular with radius
R and center O (0, 0).

Exercise 2:

A particle of mass m, initially at rest in A, slides without friction on the circular surface AOB
of radius a.

gl |
2

M{m) B C

1) Determine the work of weight from A to M.
2) Determine the work of the surface-particle contact force m.

3) Determine the potential energy Ep of m at the point M (Ep (B) = 0).

4) Use the kinetic energy theorem to determine the speed of m at point M, deduce its Kkinetic
energy Ec.
5) Calculate the mechanical energy Em.

Exercise 3:

A solid body S of mass m is linked on one side to a spring of stiffness K, while the other side
of the spring is fixed. The body is moves horizontally from its equilibrium position by a
distance x and then released (n =tge: coefficient of friction).

1. Show the forces applied to body S.
2. Calculate the speed Vs corresponding to the movement of S from its equilibrium position.
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Exercises correction of about chapter 1V

Exercisel:

The work done W by a force field F = P(x, y)I + Q(x,y)J along a path C is given by the line integral:
W=[.F-d&=[,@Pdx+Qdy)
We know that:
dw = F - dl
dl Is the elementary displacement
EI' = dxi+ d}rf
F= Ei+ P:',,f =(x—ay)i+ (3y — 2x)j
dW = F,.dx + F,.dy
dW = (x —ay).dx + (3y — 2x).dy
1. Work along the path O (0, 0) - C (0, 4)-A (2, 4)
Woca = Woe + Wiy
Segment 1: From O (0, 0) to C (0, 4)
* Path Characteristics: Vertical line along the y-axis, where x = 0 and dx = 0.

* Limits of Integration: y changes from 0 to 4.

e Calculation:

The path from O—C: x=0=dx=0

varies from0 — 4 Q

4 4 4 3y2 4
W =f dW = f (3y — 2(0)).dy = f 3y.dy =——
0 0 0 2

_ 3(4)
T2

0
Wﬂﬁ' = 24‘

Segment 2: From C (0, 4) to A (2, 4)
* Path Characteristics: Horizontal line where y = 4 (constant), so dy = 0.
* Limits of Integration: x changes from 0 to 2.

e Calculation:

x varies from0 — 2

The path from AC—A:
e pa om AC— y=4=dy=0
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a2

2 2 2 2 x2
Wea =J. dw =J. (x —a(4)).dx = f x.dx —f 4adx =7 —4ax|j
0 0 0 0

0

We, =;— 4a(2) =2 —8a
Wy, =2—8a
Total Work for Question 1:
Woes = Wor + Wy =244+2—8a=26—8a
Wpes = 26 — 8a

2. The work of F for the displacement of M following a trajectory circular with radius R and
center 0(0,0):

F=(x—2y){+(3y—2x)j

F Is conservative force = F derives from a potential Ep

=+ -y - -3 e EE!_-._{-. 'aEp_} aEp_:'
F=Fi+Fj+Ek=—gradE, = — o i— ﬁ}-}_ P k
5 - dE. dE,
(x—2}=]E+(3}’-2:};:—6—:5}_5_;}‘
aE, _ _
— = —(x—2v) v (1
o (x —2y) (1)
dE
v .
— = —(3y—2x)...(2
=0y -20..2)
x2 3y*
E!J =—?+ZI}T—T+E

2

from(1)=E, =— J-(x — 2y)dx = —% + 2xy + C(y) .......(3)

3E, dC(y)
from(3)= ay 2x + R (4)
@W=@=2+ 2D 3y 20 LD_ 5

dx

. 3y
Cly) = —T'F c

Exercise 2:
1) The work of p from A to M is:

dW=ﬁ.a with p = mgj
dl = dsd + dyj so dW = medy

¥
W:mgf dy = mgy = mg a sinf
o
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2) The work of Ry force is:
Wg = f; E’ﬁ:ﬁ Because E Ld
3) Potential energy:
dEp=—dW = Ep=—mg a sinfi+c
EyB)=0.6=n2
= Ep=mga(1l-sinf)
4) AE.=YW :a%mvf., = mga sinf
Vi=\2gasing

5) Ep=E+Epr=mg a =cste
6) Er decreases Ecincreases while Em remains constant.

7) The coefficient of kinetic friction:

a
D —
o

LM

f
|-1=_=;:’f= umg

So AE=W;= f; fd= —umgd=>mvj = —pumgd

J—
vy =,/ 2ag

We cane used also:

EmH’ = Em“ =='.EC“ +'EP..’I = 'ECB + EPH

Calculation of p:

We have:
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[= 7 = % because Ry = mg (with projection on (ov))

By
Projection on (0x): -f=m.y

v:—vg = 2y.d (ve=0)

—vg=2y.d=—2ag so: y= % with -f=my= _";ag sof= m':*g
Then
—f_f _mag _a_1
_R_n:g mg.ﬁ'_d_a
Exercise 3:
1. Show the forces applied to body S.
(o) T
*tr?rr/ﬁ
= o )
f
< A AN N A -
< VVV VY >
(0x) A N
ll’P B

2- Calculate the speed Vg corresponding to the movement of S from its equilibrium position.
AEc = IW; = Ecy — Ecy = W, + W + Wy + W}

With, W3 = W3 = 0 because R and j L Ox

So Ecy = Wy +Ws

(Ec, = 0 because the initial velocity is null)

We have,
E=—kxiand dl = dxi

- — @ 1
=-W5=fdw5 =fF.riE= —A:f xdx = —kx*
. 2
soWp ==kx®and Wy =—fx
According to the fundamental principle of dynamics:

EE:m&:ﬁ+ﬁ+1‘_":+f:mEi

H=1ta9 =%

We choose a frame of reference composed of the (Ox) axis following the axis of motion, i.e.
in the same direction as T'and the (Qy) axis foIIowingIV :

By projecting onto the Oy axis

N =mg and |.1=tgqﬂ=%
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So femgtg o

1 a1, =
:jmu;é:Ekx —mgxp
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